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NLS-LIKE EQUATIONS IN BOUNDED DOMAINS: PARABOLIC
APPROXIMATION PROCEDURE

ALEXANDRE N. CARVALHO AND JAN W. CHOLEWA

ABSTRACT. The article is devoted to semilinear Schrédinger equations in bounded domains.
A unified semigroup approach is applied following a concept of Trotter-Kato approximations.
Critical exponents in L? and H' are exhibited and global solutions are constructed for
nonlinearities satisfying even a certain critical growth condition.

1. INTRODUCTION

We study a family of initial-boundary value problems of the form

(£ 1 —n%—n)ug + Au+ f(z,u) =0, t >0, x € Q,
U, =0, 1 >0, u(0,2)=1uo(zr), z €,

(1.1)

where n € [0,1] plays a role of a parameter,  is a smooth bounded domain in RY and
f:Q xC — Cis a continuous map satisfying a suitable growth condition.

The equations in contain as the limiting problems some well known models. Namely,
n — 1 leads to a parabolic equation

u = Au+ f(z,u) (1.2)
in RT™ x © and when 1 — 0 one gets a semilinear Schrodinder equation
iug + Au+ f(x,u) =0 (1.3)

in Rt x Q or in R™ x  respectively. Here note that changing w(t;z) into u(—t;z) leads
from the equation in R™ x Q to —iu; + Au+ f(z,u) =0 in RT x Q and that the latter
equation can be viewed as the limit of with the minus sign as n — 0.

Nonlinear Schrodinger like problems have brought a lot of attention in recent years and
much progress has been achieved. See, for example, [6l 8, 13, 16, 18, 19] and references
therein, which nonetheless are merely samples of the rich literature devoted to this subject.

It can be seen that the properties of Schrodinger’s equation fall into the theory of both
parabolic and hyperbolic equations. Concerning related tools of the theory, Strichartz’s
estimates and some natural conservation laws, like energy and charge conservation properties,
are especially useful.

When 2 is a bounded domain, which situation we consider here, the essential particularity
is that Strichartz’s estimates are not applicable (see [0, Remark 2.7.3]) although, on the other
hand, they are crucial in the analysis of the Cauchy problem in the whole of RY (see [6] for
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2 A. N. CARVALHO AND J. W. CHOLEWA

an extensive results and further comments in that matter). Consequently, the analysis of
the NLS like equations in bounded domains is not so complete as in the case of Q = R,
especially for nonlinearities satisfying a critical growth condition.

Note that in the profound studies [6], § 3.3, 3.4] existential results where obtained in HJ (£2)
via regularization of the nonlinear term f in the case when f behaved subcritically; namely

for N > 3 the image f(H{(f2)) was contained in Lq'(Q) for some ¢’ € [2, 2%5). Consequently,

f was then well defined from H}(Q) into (H77? (), the latter space being an intermediate
space between (H}(€))" and H}(Q).

In this article we describe complementary regularization procedure, relying on regulariza-
tion of the linear main part operator, which in a natural way reveals the critical exponents.
This leads to the approximation of solutions of the Dirichlet initial-boundary value problem
for the equation by solutions n6(0,1]~ Such parabolic approximation is then ad-
vantageous in the consideration of ([1.3)) as on the one hand one can obtain global solutions
of under some mild assumptions on the nonlinear term and, on the other, one can even
consider some situation when f takes H}(Q) into (H}(€2))" but the image f(Hj(€2)) is not
contained in any intermediate space between (H}(Q)) and Hj(2). Within this approach one
can thus handle nonlinearities, which behave in a critical manner (see Examples and
v) given below, for which Theorem can be applied).

A brief description of this work is as follows. In Section [2| below we tersely describe the
main results. Moreover, we exhibit critical exponents and give examples of some typical
nonlinearities, involving even a critically growing one, to which the results are applicable.
The results are then proved in the following two sections. Section |3| deals with approximate
problems ne(O,l] and Section {4 is devoted to the limit equation . Some auxiliary
results are included in the Appendix.

2. NOTATION AND MAIN RESULTS

We will use Lebesgue’s spaces H;(€2), s € R, p € [1,00) as in [20], where H;(2) =

(H,*(Q2))" for s < 0. Some of these spaces will involve zero trace boundary condition in which

case, following [20], we let Hy /() := {¢ € H*(Q) : ¢|,, =0 for s—]l) > 0}. When s <0
we denote Hy ;1 (Q) := (H,, S{Id}(Q))’. If p = 2 it is typical to write H*(2) instead of Hj(12).
Actually, to keep the notation short, given a smooth bounded domain Q C R¥, we will omit

from now on the dependence on €2 denoting H,(S2) =: Hy, H5(Q2) =: H*, H {Id}(Q) =: H;
and Hj 1, (Q) = H*. We also write LP(Q) =: L.
To express our results better let us consider the negative Laplacian operator

A,=—A in LP pe(1,00), (2.1)
with the domain D(A,) = H2 and let 6, = Arg(n + \/1—777%) Then
n+ ﬂz =eh nelo,1]
and the first equation in rewrites as
up + e Aju = e f(- u), t >0, 0, €0, g] (2.2)
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Concerning the linear main part operator in ([2.2]),

A, = As ne(0,1], pe(l,00), (2.3)

)

Stone’s theorem (see [16, Theorem 1.10.8]) implies the following result in the limit case n = 0.
Proposition 2.1. Aét,o = +iA, generates a C° group of unitary operators on L?.
On the other hand, if n € (0, 1], the corresponding linear semigroup will be analytic.

Proposition 2.2. Given p € (1,00) and n € (0, 1] the operator A;'fn in is a negative
generator of a C° analytic semigroup in LP.

Actually, for any n € [0, 1], A;n is a maximal accretive operator with zero in the resolvent
set. This, due to [16, Theorem 1.4.3], [2 §I11.4.7.3(b)] and [20} §1.15.3] (see also [15]), leads
to the following result.

Proposition 2.3. Given n € [0, 1] —A;n is an infinitesimal generator of the semigroup of
contractions in L?. Furthermore, Ain has bounded imaginary powenﬂ and for a € (0,1) the
domains of fractional powers D((A;fn)a) are characterized independently of n € [0,1] as the
complex interpolation spaces [L?, H?],.

Due to Proposition if n € (0,1] then can be treated with the aid of the analytic
semigroup theory.

Concerning properties of a nonlinear right hand side in (2.2) we associate with f the
operator f¢, where

fé(u)(x) = f(z,u(x)) a.e. in ) (2.4)
for any measurable u : € — C, and consider the following hypothesis H;f relative to the
phase space of initial data HI’f with £ =1 or k = 0 respectively.

Hypothesis H’;. Let k € {0,1} be given and p € (1,00). We assume that there are constants
c>0,¢e€(0, %), v =(e) satisfying pe <y <1, vy<1-— %, such that
fe € C(HF?e | Bh=2) (2.5)

and there also exist certain constants ¢ > 0, C¢ > 0 such that for all v,w € H;f“f

1750) = £ )l ysamsern < elfo = wlgone (Ce + Cllolghan + Clwlle ). (26)

Theorem 2.1. Let k € {0,1} be given. Ifn € (0,1] and hypothesis HE is satisfied then (2.2)
15 locally well posed in Hllf

Furthermore, if u is a solution of \ne(o,u through initial condition uy € Hl’f defined on
a mazimal interval of existence [0,7,,) and if one of the following conditions holds
(c1) hypothesis ”H’; holds with v > pe
(ca) hypothesis ”H’; holds with v = pe and arbitrarily small { > 0

'We remark that A;n is of the class BIP(1,§) for each n € (0, 1].
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then u satisfies the blow up Hllf alternative, that 1s,

either 1,, = 0o or otherwise limsup ||ul| g = oo. (2.7)
t—)TJO b

Theoremleads in a natural way to the consideration of critical exponents p.(k, p), which
describe the maximal growth of the nonlinear term allowed for the local well posedness of

,76(0,1] in H;f with £k =1 or k = 0 respectively.
Proposition 2.4. Let k € {0,1} be given. Hypothesis 7-[’; holds if f satisfies

3e50 Vo mec |f(21) = f(2)] < elzr — 2o (14 |21 7F 4 [2277) (2.8)
with any p > 1 when k=1 and N < p, and with

l<p<1+

I —pk;p =: p.(k,p) when k=0 or when k=1 and N > p. (2.9)
Furthermore, v in hypothesis 7—[]; can be chosen strictly bigger than pe unless p = p.(k,p) in
which case v = pe.

In Proposition no growth restriction is actually needed in the case when k£ = 1 and
N < p whereas when £k =1 and 1 < p = N one can even consider the exponential growth
due to Trudinger’s inequality [Il, §8.25].

Concerning the critical exponent p.(k,p) the following version of the above proposition
holds (see [4, Lemma 3.2]).

Proposition 2.5. Let k € {0,1} be given. Hypothesis 7-['; holds with arbitrarily small ¢ > 0
provided that f(z) = h(|z|) for some differentiable real map h : R — R satisfying

h/
()] - =0, where N > p. (2.10)

lim ————5—
|s| o0 | S pe(k,p)—

Note that hypothesis H']j is also satisfied by multiplication operators ()} associated with
external potentials V', where @)y is defined for any measurable function ¢ : 2 — C by

Qv(p)(z) =V(x)p(r) ae. in Q. (2.11)

Proposition 2.6. If V : Q@ — R is a potential of the class L™ and r > %, r > 1 then
fé(u) = Qv (u) satisfies hypothesis 7—[’; with k = 1 and k = 0 respectively. Furthermore, v in

hypothesis ’H’; can be chosen strictly bigger than pe.

For global solvability of approximate equations we restrict our consideration to Hilbert
phase spaces as we need to rely on the a priori bounds on the solutions in L? and in H!
respectively. This is the reason why, although local existence of solutions of approximate
equations ({2.2)),c(0,1] can be obtained in more general spaces, global existence will be limited
to the Hilbert setting.

We remark that if

Im(f(z,uw)u) =0 a.e. in Q, (2.12)
then, formally, the limit problem nzo has the charge conservation property

[ullz2 = l[uol| 2 (2.13)
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If f can be viewed as the gradient of some suitable functional F', more precisely if
= f, where F e CYH"R) and (F'(u),v) g1 g = Re/ f(,u), (2.14)
then, formally, the limit problem (1.1)),—¢ has the energy conservation property
/ [Vaul* - E(uq). (2.15)

To obtain existential results in H* we will assume both (2.12) and (2.14). On the other
hand, working with initial conditions ug € L? we will assume (2.12]) but not (2.14)). In both
situations we will use the structure condition

f(z,u)u < O(x)|ul* + D(z)|u| forae. z€Q, (2.16)
with certain
Cel, r>g, r>1 and D e L’ szmax{]\72JI2,1}. (2.17)
Also in some cases we can assume either (2.16)-(2.17) or
f(z,u)u < C(2)|ul*+ D(z) for ae. z€Q, (2.18)
with N
cel,r> 5 7 >1 and DelL! (2.19)

(see Lemma [3.1] and Remark [3.1]).
Note that since (2.17)) allows D to be of the class L® with s < 2 then (2.16))-(2.17) do not

imply (2.18))-(2.19)) in general. Also note that we neither assume that C(+) in (2.16)) or (2.18])
is negative nor that the bottom spectrum of —A — C/(-)Id is positive.
Concerning approximate problems we have the following well posedness result.

Theorem 2.2. Let k € {0,1} be given. Suppose that hypothesis HE holds with v > pe or
that it holds with v = pe and arbitrarily small { > 0. Suppose also that
i) (2.12), (2.10)-(2.17) (alternatively (2.12), (2.18)-(2.19)) are satisfied if k = 0,
i) (2.13), (2.14), (2.10)-(2.17) hold if k = 1.
Then, the problems ,76(0,1] are globally well posed in HF.

Sample nonlinearities can be mentioned for which the assumptions of Theorem hold.
Example 2.1. i) Typical nonlinearities which satisfy (2.12), (2. 16])—({2.17[) are
f(z,u) = —a(@)|ul’ u + b(x)|ulP u+ V(x) (2.20)

where p > p > 1 and a,b,V are real valued functwns such that a > 0 cmd b|o—5 0GR e L’
V e L" for some s > max{N+2,1} ro> —, r > 1. Here note that —(-) hold wzth

C =V and D being a multiple of |b|77a 79 as one can write bju|P*! = al Ol P10 =g )
with 0 = p%ﬁ and use Young’s inequality.

i) If in addition 1 < p < p < p.(k,2) and a,b € L™ then nonlinearities entering the sum in
satisfy hypothesis H5 with v > pe for both k = 0 and k = 1 (see Proposz'tions @)
and in the case k =1 they also have property (see [6, Propositions 3.2.2 and 3.2.5] ).
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Example 2.2. Some nonlocal nonlinearities satisfying (2.12), (2.16)-(2.17) can be consid-

ered; like
flu) =—u /A;lu
Q

for which hypothesis H’; holds with k = 0 (see Section .

Y

Example 2.3. If h: R — [0,00) is a differentiable function satisfying with (k,p) =
(1,2), h(0) =0 and if fr : C — C is an extension of h such that

file) = {ahﬂzb, z€C\ {0},

0, z=0,
then given a nonnegative a € L* the nonlinearity in below,
f(z,z) = —a(x) fn(z), (x,2) € QxC, (2.21)
satisfies (TZ.JZI), 42.14[), 42.161)—42.1’/1), exhibits a critical growth p = pe(k,p)_, o = 42
(N > 3) and fulfils hypothesis H';lk_l » with v = pe and arbitrarily small ¢ > 0 (see

Section m)

Focusing on the case p = 2 we now consider the solutions of (2.2),¢( 1] as approximate
solutions of

) A = R Q
{zut—l— u+ f(x,u) =0, teR, x €, (2.92)

U, =0, 1 >0, u(0,2)=u(r), v €.
This latter problem involves the equation (1.3) obtained by passing in (2.2) to a limit as
n — 0.

In the linear case, that is when f = 0 in (2.2)), the following result holds, which in turn
comes back to the Trotter-Kato approximation theorem.

Proposition 2.7. For each n € [0,1] the resolvent set of — Ay, contains A > 0 and the
associated resolvent operators converge in L(L?), that is

2
RO\ —AZ) 5 RO\, —AL) as 71— 0. (2.23)
The associated linear semigroups converge as well. Actually, given any ug € L? and a
bounded time interval J we have, uniformly fort € J,

_AE L2 _ A%
e A2ty = e~ A20tyy as n — 0. (2.24)

In what follows we will show that such an approximation procedure also applies in a
nonlinear case. Given k£ € {0,1} and passing to the limit as  — 0 we will assume the
following k-condition which is satisfied in many situations as shown in Example [2.4] below.

Definition 2.1. Let k € {0,1} be given. We say that k-condition holds if
LFe @) a2 < gi([[ollaw), v e HE (2.25)

and
1£¢(v) = fw)llg—= < ga(llollar, lwllar, v —wllge-2), v,w e H, (2.26)
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where g1 = q1(v1), 92 = g2(y1,Y2,y3) are nonnegative functions such that g, is bounded
on bounded subsets of [0,00) and limy,_,o g(y1,y2,ys3) = 0 uniformly for (yi,y2) in bounded
subsets of [0,00) x [0, 00).

Example 2.4. i) If [ satisfies with p € (1,X22) when N > 3, or with any p > 1 when

N2
N =1,2, then for 6 = w

1 (0) = f(@) g S €l = wllz s o = wlf (L4 Jollfa’ + wlfnt) s vw e Y, (2:27)

(see the proof of [5l Lemma 2.2]) so that k-condition in Definition holds with k = 1.
Actually, no growth restriction is needed when k =1 and N = 1 whereas in the case k = 1
and N = 2 the growth can even be exponential.

it) If V is an external potential as in Proposition[2.6, then f(u) = Vu satisfies k-condition

with k =1 (see Subsection[3.3.9).

ii1) Due to i)-ii) above typical nonlinearities as in Example satisfy k-condition with k = 1.
iv) A nonlocal nonlinearity in Example satisfies k-condition with k = 0 (see Section.
v) A critically growing nonlinearity defined in of Example satisfies k-condition
with k =1 (see Section[3.3.4).

We will look for a solution of ([2.22)) satisfying variation of constants formula as in Defini-
tion 2.2] below.

Definition 2.2. Let J be an interval of R, 0 € J, k € {0,1} and f¢ be a map from H*
into H*=2. Given uy € H* we say that u : J — H* is a mild H* solution of on the
interval J if and only if u(0) = ug, u is weakly continuous from J into H®, f¢(u) is weakly
continuous from J into H*2 and

¢
u(t) = e 2ty + 2/ e~ 229 ge(y(5))ds, t € J, (2.28)
0

holds in H¥2.

Note that in the nonlinear term f¢(u(s)) will in general belong to a function space H*
for some s < 0. Hence the linear semigroup appearing therein has to be suitably extended
from L? to these larger spaces in which we follow the ideas of [2]. Namely, combining
Proposition together with |2, Theorem §V.1.5.4, Theorem §V.2.1.3, Remark V.2.1.4 and
formula (V.2.2.1)] we have the following result.

Proposition 2.8. Givenn € [0,1], a closed extension of — Ay, (which we denote the same)

is an infinitesimal generator of the semigroup of contractions in H? for any o € [—2,0] and
the resolvent set of —A;tm in H° coincides with the one in L*.

Using the concept of parabolic approximation we then prove the existence of global solu-
tions of ([2.22)).

Theorem 2.3. Let k € {0,1} be given. Suppose that k-condition holds as in Definition .
Assume also that hypothesis H5 holds either with v > pe or with v = pe and arbitrarily small
¢ >0, and that

i) (2.12), (2.10)-(2.17) (alternatively (2.12), (2.18)-(2.19)) are satisfied if k = 0,
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i) (2.19), (2.14), (2.16)-(2.17) hold if k = L.
Then, given uy € H*, 422%) has a mild H* solution u on the interval (—oo,c0) and

uwe CR,H) N LE(R, HY), s < k. (2.29)

Note that Theorem [2.3| applies with & = 1 to subcritical nonlinearities (2.20)) as in Exam-
ple ii) and with k£ = 0 to a sample nonlinearity in Example On the other hand note
that Theorem applies with & = 1 to critically growing nonlinearities as in Example

(see Example [2.4]iii)-v)).

With additional assumptions one can obtain further properties of the limit solution as in

Propositions [2.9] below (see also Remarks [.3).

Proposition 2.9. If C in (2.16]) or (2.18) is such that the bottom spectrum of the operator
Ao = —A = C()I in L? is strictly positive then in Theorem we will also have that

ue L=(R, HY). (2.30)
Proposition 2.10. If the assumptions of Theorem[2.3 hold with k =1 then

i) (charge conservation) the solution will satisfy the equality (2.15),
ii) (energy inequality) if, in addition,

|F(v) = Fw)| < g([olla, |wllm, v —wlla), v,we H, (2.31)
holds for some s < 1 with a certain function g = g(y1, y2,ys) such that limy,_o g(y1, Y2, y3) =
0 wniformly for (y1,yz2) in bounded subsets of [0,00) x [0,00) then

E(u) < E(uyp), (2.32)

iii) (uniqueness) the solution will even be unique if similarly as in [0, Corollary 3.3.11] one
assumes that given r > 0 there exists L(r) > 0 such that

I f(v) = f(w)|lzz < L(r)|jv — wl]|z2 whenever ||v||g <7, ||w|g < r. (2.33)

The above mentioned results will be proved in the following two sections.

3. SoruTIoNS OF ([1.1]) wiTH 7 € (0,1]
In this section we consider (2.2) with 7 strictly positive, i.e. with 6, strictly less than 7.

3.1. Generalities concerning operators AF := e A, with n € (0,1]. Given p €
(1,00), n € (0,1] and Re(\) < 0 we have that A = \e*™ € p(A,) because o(A,) consists
of strictly positive eigenvalues separated from zero. Therefore the sector Sy, = {A € C :

5 — 0, < larg(\)| < m, A # 0} is in the resolvent set of A, and combining this with [I7,
Theorem 2] we get |\||[(Ad — Ap) M2y < My, for Y= Sp,- Hence we have

M= 1d = Ap) " bl vy = MM = AT) "6l re) < My, Re(N) <0, (3.1)

which proves Proposition ; in particular, A;'fn is a sectorial operator in X, := LP.
Given n € (0, 1] the initial boundary value problem for the approximate equations ([2.2)
can be thus viewed as an abstract Cauchy problem

du
-+ A u=foy(u), t>0, u(0)=u, (3.2)
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with
A =e A, and  fr.=efe

By [20, Theorem 4.9.1] (see also [11]) for each € (0,1] A%, possesses bounded imaginary
powers, that is,

Fes0 sup 1AL O)lx,) < o0, (3.3)

SE|—€,€

and the domains of fractional powers X, . = D((A;,)*) coincide with the fractional power
spaces X, = D(Aj) associated to A,, namely

e = [P H?)o = X3, € (0,1), pe(1,00), ne(0,1]. (3.4)

Although we have assumed that  is a smooth domain let us remark that [20, Theo-
rem 4.9.1] requires 0N to be of the class C*>°. The latter can be weakened following [11],
where in the case of the second order operators it is required that 9 is of the class C2.

On the other hand note that the discussion concerning boundedness of imaginary powers
can be avoided if p = 2 as in Proposition [2.3|or if one considers the interpolation scale instead
of the fractional power scale. We do not pursue this here focusing on the main aspects of
the parabolic approximation procedure, thus using fractional powers as the natural tools of
the theory.

Following [2] operators AL can be considered as closed operators on the extrapolated

P
space X, . being the completion of the normed space (L, [|(A%,)~" - ||r»). We then have

Xolo= (X}

Pt pni) :(Hzf)/:Xﬂ?
where p, p’ are Holder’s conjugate exponents and X~ ! =:Y, denotes the extrapolated space of
(Xp, Ap). Also, the closed extension of A> to X, »+ (for which we use the same notation) has
the same resolvent set as Ai in X+, belongs to a class of linear isomorphisms from X, +
into X, 1 and generates a strongly continuous analytic semigroup (see [2, Theorem V.2.1.3]).
Thus, lettlng

Yot =X, 0 =X, =Y,
we associate with (Y, .+, A7,) the fractional power scale { > 0} and obtain by

duality argument (see [20], §1 11.3]) that

« .
pt - X

(07
Ylv,n,i

On the other hand

Y;olni (Ai )71( pni) Xpm,iv YZnn, (Ai) (pn, ) (Ai )71( pni) X;,n,i
and via ([3.4))
yire = [P, 0], = Xg =Y a€(0,1), p€(1,00), ne(01). (3.6)

p

(X

P+

)Y (L] = (X572) = (X;,"")’ =Y ae(0,1), ne(0,1]. (3.5)

P+

Consequently, for each p € (1,00), a € [0, 1] we have
Y;jl-l—oa SN Hza’ Y;)a > Hp—2(l—a) (37>
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and

N N
HXQ) = L°, ae0,1], 20— —>——, s> 1,
S
b (3.8)

N
P <o o>1.

H720-9) s 17 o e 0,1
P @ [’>’N—|—2(1—0z)p

3.2. Proof of Theorem (2.1, In the proof of local well posedness of \ne(o,u in H;f we

rely on the formulation of the problem as in (3.2) and on the approach developed in [3].
Hence all what needs to be shown is that, under hypothesis Hk the Lipschitz type condition

1F5(0) = £ g < v = w\!Y;+E+g(1 + HUHPHM + HwH”1+ L) vwEYTE(3.9)
holds for k =1 and k = 0 respectively with certain constants ¢ > 0, € € (0, %) and

y=r@ el 1<1-7. (3.10)

With the set up as in Section condition (3.9)) follows from ([3.7) and from hypothesis
Hj. Then [3, Corollary 1] ensures that 1} is locally well posed in H}.

When (¢;) or (c2) holds we also have the blow up alternative 1.} (see [3] 4]).

Following [3 [14] we additionally have that for v as in (3.9)-(3.10) and for any 6 € [0,1)
the solution u constructed above satisfies

we C0, 7)), Y, ) MO0, 7). Yo 2 ) N CL(0, 7)), Yy 270, (3.11)
that is,
u € C([O,Tuo),H;f) N C((O,TUO),H§7+k) N CH (0, Ty, ), Hg), o< 2y+k. (3.12)

3.3. Sample nonlinearities. We exhibit here properties of sample nonlinearities which
appeared in Section [1]

3.3.1. Critical exponents: proofs of Propositions and[2.5. We first prove Proposition
starting from the situation when either £k =0 or £ =1 and N > p (see (3.15)).

Using and we have
179 (v) = f(w)]] | y <A ) = Al

L N+20-y—5)p

< lef = wl(T+ Pl D v
LN+20-7-5)p (3.13)

N+20-7-b)p

Np Np(p— 1) Np(p—1) Np
<& [ (o= 0T (1 T T )
Q

provided that m >land 1 —~v—=% > 0, which translate into the condition
k N+2p—Np—kp .
l—=>~> = 3.14
527 % (3.14)
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+ (1—y=%5p N+2(1—-5)p
(2:—:+k)p » o 2(1—y+e)p

N > (2 + k)p, (3.15)

Applying next Holder’s inequality with exponents , thus assuming

we obtain

15940 = £ ooy < llo =l (1 Dol By + B0l B )

P 2(0—~+e) L2(1—~+e)

Due to . the right hand side above can be bounded by the right hand side of ([2.6)
provided that 1 < 3 Nip= 1) < 2P for which we need

(T—te) = N—(2e+k)p
2ep+kp — N)(p—1)+2(1 N(p—1
" J

1 N—kp+2p

Evidently 7 > v > 0 and for p € (1, ], € > 0 we also have 7 > ep. Furthermore,

N—kp
1 > 7 holds if ¢ € (0, %) and ¥ > 4 if € > (22pp) k. This ensures that the set
of admissible triples (p,e,7) is nonempty and contains (p,e,7) such that p € (1, W],
e € (max{0, P22 — £}, CI) and o € [pe, 7] N (1,7 039 = Z(0), 7 <14

For admissible (p,e,~) the left hand side inequality in (3.16]) imply p < W and
hence, since v > pe, we get p < %&E which holds if and only if p < &= kp+2p = pe(k).

We remark that p = p.(k) cannot be attained for any v > ep.(k) and p = pc(k:) necessfcates
that v = ep.(k), in which case we have 7 = ep.(k). That is, if p = p.(k) then Z(e) = {ep.(k)}.

The above analysis also shows that v = (¢) can be chosen less or equal than 1 — g and

arbitrarily less than ¥(p, ) = 7(p, %) = 1. Therefore, if k = 1 then v = ~y(g) can be
chosen less or equal % whereas if kK = 0 then 7 = (g) can be chosen arbitrarily less than 1.

In the remaining case when £ = 1 and N < p we have that H§+25 < L. Hence after
using in (3.13|) Holder’s inequality with any conjugate exponents pu, i/ > 1 we will have the
right hand side bounded by the right hand side of . In this latter case hypothesis ’H’;
is thus easily satisfied and any triple (p,e,v) such that p > 1, ¢ € (0, 2%0] and v € [ep, 1] is
admissible triple.

Having proved Proposition we now observe that if is assumed then

Veso Jegso Vaer |H(8)] < (C + Cls|971), (3.17)
Consequently, under the assumptions of Proposition we have that
Ves0 30050 Varmec [f(21) = f(z2)] < |21 = 20/(Ce + ([ [*FP 7 4 ([ =P71). (3.18)
The proof of Proposition follows thus the lines of the proof of Proposition [2.4]

3.3.2. External potentials: proofs of Pmposition and Remark|2.4| ii). For Proposition
we use Lemma [A.3|with 8 = 8*(p) — 1 and B*(p) == 1+ (— - £ _ to get

1Qv(e) = @il (y_xy < ellVlisllo — wllge

»
Hy
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with « strictly less and arbitrarily close to 5*(p). Letting now v = % + (Zﬂp — %) > ( and

viewing 2a as a sum 14 2¢ if 3*(p) > 3 or, alternatively, using the embedding H!* — H2®
if 8*(p) < 1 we obtain

1Qv (v) — QV('UJ)HHP—@—I@—QW) < cf[v — wl| e (3.19)

with £ = 1 and ¢ strictly less and arbitrarily close to % + (% — %) .

On the other hand, applying Lemma with 5= *(p) — 1 — 6 we get
Qv (v) — Qv (w)

HHz((%—Q—J‘ﬁ),—a) < C”VHLT(Q)HU - ’l,UHHZ%a,
P

where « is strictly less and arbitrarily close to 8*(p) —d =1—-9 + (2% — %) > (. Viewing

now « as € and letting v =1—-49+ (ﬂ — ﬂ) we obtain (3.19)) with £ = 0, which completes

2p 2r
the proof of Proposition
Concerning Remark [2.4/1i) we apply Lemmawith p=2,0=—5€(=52),5(2)—1],
« <1+ 8 = 3 and use interpolation inequality (see [20} §4.3.1]) to get

1 1
- 1 iy
1Qv(v) = Qv(w) a1 < e|VIer@llv = wllma < éllv—w| Vo —wl|z:",
which proves k-condition for £ = 1.

3.3.3. Sample nonlocal nonlinearity. For f(u) = —u |fQ A;lu’ we have

I ‘ /Q A1l — ¢ ‘ /Q Al /Q 454y /Q (A1 — Aﬁ@’

<1007 ¢ — Bl A 1w + 1207 6]l 20 | A5 (& — )]l o
< el = Ollr (IBlleo + [Ellr), 6,0 € L7,

which ensures that hypothesis H) holds with p = 2 and any ¢ € (0, 3), 7 € (ep, 1).
On the other hand we also have

o] [ 45| = | [ A0 as < 16— ola-s | [ 5% + ol

<o = @l 1207|450l 2 + 16l m-2]202 [ A5 (¥ — 6)]|,2
1 1
<19 — D211z 19 g2 + 0]l 2] Q1Z [0 — @] -
<l = olla2([9lla2 + 6]la-2),
which proves validity of k-condition with k = 0.

e < v =@l + [1llze

/ (A3 — Azleb)‘
Q

3.3.4. A critically growing map satisfying assumptions of Theorem and 1-condition. We
exhibit here properties of the map f;, defined in Example [2.3]

First note that condition (2.12)) becomes straightforward as f(z,u)u
a is real. Since a, h are nonnegative, (2.16)-(2.17) hold even with C' =

Next, as in [6, p. 60], we write

|21l122| (fn(21) = fu(22)) = z1[za] (A 21]) = h(l22]) + (21(|22] = [21]) + |21 (21 = 22)) (A (| 22]) — h(0))

= —a(x)]ulh(|ul) and
D =0.
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and using (3.17)) we get for any ¢ > 0 and some C; > 0 that
2112l | fa(21) = fa(22)] < 2021|220 = 20| (Cc + Clza| 27 4 (20D | 21,2, € C.
Consequently, we have

v<>0 304)0 vzl,ZQE(C |f(21) — f(z2)|
< clz — 2| (Cc+ |z jpe(12=1 C|22|pc(1,2)71) 7

where ¢ = 2[|al|r=, (k,p) = (1,2), p.(1,2) = 22, N > 3, and repeating the proof of
Proposition we conclude that hypothesis 7—[2 holds with v = p.(1,2)e and arbitrarily
small ¢ > 0.

We now define H(z, s) fo s)ds and consider a functional

FiH' SR, F($) = /QH(J;, (@), e H. (3.21)

Note that such F is well defined for 1) € H' because, due to (3.17) and boundedness of a,
|H(z, s)| is bounded from above by a multiple of 1+ |s|?«(}2+! whereas H «— Lre(L2+1 Ag
in the proof of [6l Proposition 3.2.5 (i)] we obtain that for a.e. z € Q

(3.20)

%]H(w, |u+ tv]) — H(z, |u|) — tRe(—a(z) fr(u)v)| = 0 as ¢t — 0.
Hence, using dominated convergence theorem we infer that
%|F(u o) — F(u) - tRe/Q(—a(x)fh(u)m 50 as 0
This with f as in (2.21)) reads that
%|F(u 10) — F(u) — 0 (1), 0) g1 | = 0 as £ — 0%,

that is, F in 1' is Gateaux differentiable for each v € H' and F' = f. Since, due to

0), f € C(HY, H™') we get (2.14).

Concernmg validity of k-condition with k = 1 we remark that by (3.20)) | f T z)| is bounded

from above by a multiple of 1 + |s|?<(1?), Hence, recalling that H' < L¥2, [V < H‘
and p.(1,2)-2 = 2N we infer that f¢ takes H' into H~'. In thus remain to show

N+2 — N-2
for which we use that H?> < L™ and L“—)H ? for every r > 1, r > 22

We fix g € (1, ]\2,]):2) and letting ¢ = %, q = Ni\;ro

1F20) = £l < Cllo = wl (Cg + Col ™= + ol 72 ) o

< Cllo = wll e || (Ce + CoI ™= + o] 72 ) s

1
we obtain that

A

_4 _4
< COlv—wll oy x (||Cc|| y F ¢l ah +<||w||”;?v),
LN-2 LN-2

N N . 24N, . . -1 g1
where 2+ 5 — = € (0,1). Since H*" 2 70 is an intermediate space between spaces H ', H
and H' < L¥~2 we thus obtain (2.26) with k = 1.
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3.4. Proof of Theorem [2.2] In the following two lemmas we derive a priori bounds on the
solutions of (2.2)),¢(1 in L* and in H' respectively.

Lemma 3.1. The solutions of 176(0,1] through ||uo||2 < R, as long as they exist and fulfill
12.19), (2.10)-(2.17) (or alternatively (2.19), (2.18)-(2.19)), satisfy the a priori estimate

|lullr2 < M(R,t), (3.22)

for some M(R,t) which can be chosen independent of n € (0,1].

Proof: If (2.12)), (2.16)-(2.17) hold, then multiplying (2.2) by u we obtain from the real
parts of the equation that

1d

gl < <l Vulls <0 [ C@HP +n [ Dl ne 1) (323)
Q Q

The integral [, D(x)|u| can now be bounded by
1Dl llull o < ell DIl (IVullZz + flullz2)?

and hence for any p1 > 0 and a certain ¢, > 0 we have

| D@l < w9l + uli) + DI (3.21)
Combining (A.5]), (3.23) and (3.24)) we obtain
1d
5@““”%2 < —n(w(p) = wllulzz +ne,lDIZs, n € (0,1, p € (0,1). (3.25)

Estimating the right hand side of (3.25) by |w(u) — p||JulFz + cul| D72 we get (3.22).
Alternatively, if (2.12), (2.18)-(2.19) are assumed, we obtain (3.22]) from

1d
3l < —nlValis +0 [ C@luP+n [ D@) < —malulls + 0Dl
Q Q
where wy is as in Lemma O

Lemma 3.2. The solutions of ne(O,l} through ug € H', as long as they exist and fulfil
(2.12), (2-14), (2-10)-(2.17) satisfy the a priori estimate

[ull e < E(uo) + K([luol| 22, 1), (3.26)
for some K independent of n € (0, 1].
Proof: We multiply ne(O,l} by —eF?14,, integrate over ) and use (2.14)) to obtain from
the real parts of the equation that

d /1
£<§/Q|V“|2 - F(u)) = —nllwl3. <0, n € (0,1].

This yields
1
B() = / IVl — F(u) < E(uo) (3.27)
Q
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whereas using (2.14)) and (3.24)) with p = § we have

F(u(t)) = F(0) + /0 di (F(wu(t))) dw = F(0) + /0 <F’(wu(t)),u(t)>H71,H1dw

w

= F(0) —i—/o l(/Q(f(ﬂv,cuu(t))wu(t)dav)dw

W

<FO+ [ 2 €@ + Dot i) i (3.25)

2
Ls

< F0)+ (| wda)( | C@IOPd)+ FUVulE: + ull) + al D

cro} [

Q

From (3.27), (3-28) we get
1
2 [ 1vur+3 ( Ja-viw- 0<x>\u|2) ~ F(0) — oD
4 Jq 2 \Uq
and using Lemmas [A.T], we obtain
v v 1
1 /Q |Vul? < E(up) + F(0) + ¢, 4|/ D3 + (Z — Ew(y))Hu(t)H%z (3.29)

where v € (0,1) and w(v) € R satisfies (A.4). The result now follows from (3.22), (3.29). O

Remark 3.1. In contrary to Lemmal|3.1] the proof of Lemma indicates that to derive H'
bound on the solutions condition s not as suitable as .

Due to the blow up alternative (2.7)) and the estimates of Lemmas , , Theorem
is thus proved.

Remark 3.2. i) Recall that we do not assume in general that C' in (2.10) or (2.18) is such
that the solutions of the linear problem in L2,

ur = Au+ C(z)u, z €, t>0,
U, =0, t >0, u(0,2) =ug(x), z e,

14
C@)u®)* + 7(IVullze + llullzz) + eyl DIZ.-

1%
e — ZH“H%? < E(uo)

(3.30)

are asymptotically decaying. In particular we do note assume that wy in 1S positive
(see [9, Corollary 2.10] ).

ii) On the other hand, if one assumes that is satisfied with wy > 0 then formula
for some = po (chosen via Lemma such that w(jo) — po > ) will read

1d wo
S lullZs < =02l + e | DI, 7€ (0,1) (331)

In particular, given n € (0, 1] we will have the a priori bound of the form

2c
el < llugl[Foe™" + £ DJa(1 — &™)

3.32)
) (
G D2,

0

< Juoll3: + =
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Furthermore, for some v = vy (chosen via Lemma such that 2 — tw(ry) < 0)
will then imply that

14
% [ 196 < Bw) + PO + el DI (3.33)

4. SOLUTIONS OF (|1.1)) wiTH =0

We obtain here solutions of the Dirichlet initial-boundary value problem for the equation
(1.3]) passing to a limit in a sequence of solutions of approximate problems (|1.1));¢(0,1-

4.1. Proof and extension of Proposition 2.7, For € (0,1] we have from (3.1) that
[0, 00) C p(—Aj3,). We also observe that [0,00) C p(—Aj3,) because iR C p(As). Using that

(AId+ A3,) " = e (AT Td + Ap) 7', (AId+ Agp) ™" = Fi(FNild + Az) ™

and that the resolvent of the operator —A, is analytic in the resolvent set (thus continuous
with respect to the uniform operator topology) we get . Note that the semigroups
in L?(Q) are all of the same type, which follows from the Lumer-Phillips theorem. Thus,
applying the Trotter-Kato approximation theorem (see [16]) we get (2.24)).

Recall now from Proposition that a closed extension of —A;En, which we denote the
same, is an infinitesimal generator of the semigroup of contractions in H° for any o € [—2,0]
and the resolvent set of —A;n in H coincides with the one in L*(Q).

Thus, with a similar argument as in the proof of Proposition we obtain the following
convergence result.

Proposition 4.1. Given o € [—2,0], the linear semigroups generated by a closed extension
of _"42i,17 to H? are the semigroups of contractions and converge as n — 07 to a semigroup

of contractions generated in H° by a closed extension of —A;fo. Namely, given o € [—2,0],
Uy € H? and a bounded time interval J we have that

+ 7o +
e~ Aty 0 —Afot

Uy —> € ug as 1 — 0 uniformly fort € J. (4.1)

4.2. Proof of Theorem Suppose that k& € {0,1} is given, 1, — 0 and let u]" be the
solution of "7:77n through uy, € H* as in Theorem . Rewriting 1) as

Ag_lut — _e:tiﬁnu 4 eiw"A;lfe(u),
we infer from k-condition and Lemmas [3.1] that the sequence {ul"} is bounded in

1+ k

Wr = {x € L=((0,7),Y, ?): x € L>*((0,7),Yy*)} for each T" > 0. Following reg-
ularity properties of approximate solutions expressed in (3.11) and applying Arzela-Ascoli
theorem (see [12], §7.5] (also [12]) we then have, choosing a subsequence which is still denoted
the same, that
k
ul" — us in Y,? uniformly on [0, 7T (4.2)
and

k
2

us € C([0,T],Y;?). (4.3)
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Using properties of weak limits we also infer that
ws € L2((0,T),Y, 9. (4.4)

k k
Furthermore, uy being continuous in Y,®> and bounded in Y21+2 have a property that

k
uy are weakly continuous in Y;Jr? (4.5)

(see [19, Lemma I1.3.3]), which together with (4.4) imply that

sup lux ()| ..z < oo (4.6)
te(0,T) Y,

With the aid of functions u. we now define u as
u(t) =uy(t) fort >0 and wu(t) =u_(—t) for t<O0. (4.7)
We prove that u satisfies (2.28)), for which it suffices to show that u. satisfy

t
uys(t) = e’AQiﬂOtuo :I:z'/ e’AiO(t’S)fe(ui(s))dS, t€[0,7]. (4.8)
0

Note that approximate solutions u* satisfy variation of constants formula associated with

(3-2).

t
ul"(t) = e~ Ainty, +/ e~ Ain (t=9) o (ul"(s))ds (4.9)
0
and that, due to Corollary [4.1]
e Aintyy " e~Avty, in Yy (4.10)

It thus suffices to ensure that

t t
/ A9 pe (1 (5))ds 23 i / AT ey, (s))ds, ¢ € [0,T). (4.11)
0 0
Using (4.2)), (4.6) and k-condition we have
1 (' (s)) F i f(us(s))lly, — 0 for s € [0, 7],

which ensures by Lebesgue’s dominated convergence theorem that

ny/°ef€wn“@<f;i<um«s>>q:ifecui<s>»nyads
(4.12)

< [0 6 F 45 s s — 0
On the other hand, by Corollary [£.1] we have that
(e‘Ainn(t_s) — e‘AiO(t_s))fe(ui(s)) 22,0 for s€0,7]
which gives

/H AL (79 — ¢ H0) (1 (5)) v s — 0. (4.13)



18 A. N. CARVALHO AND J. W. CHOLEWA

k
Note that all terms under the integrals in (4.12)-(4.13|) are bounded in Y,*> < Y5 uniformly
forn € Nand s € [0, T]. This is because the linear semigroups are the semigroups of contrac-

k

tions, approximate solutions u." and the limit function u are bounded in Y21+2 uniformly for
k k

t E [O, T) and n € N and f¢ takes bounded sets of Y;Jr2 into bounded sets of Y,*. Condition

is thus proved

Due to and k-condition { f¢(u+(tx))} is a bounded sequence in Y2 and hence weakly
converges in Y2 On the other hand, due to ., and k- Condltlon fus(ty)) —
fe(ux(ty)) in Ys. Consequently, fe(ui(tk)) — fe(ui(to)) weakly in Y22, that is, f¢(uy) is
weakly continuous from [0, 7] 1nto Y2

Thanks to k-condition and , . “4.;0“78) fé(us(s)) is a continuous function of
s € [0,7T] with values in H~2 bounded in H%=2. Hence, it is weakly continuous with

values in H*2 and thus measurable in H*2 (see [7, Corollary 1.4.8]). Consequently, due to
Bochner’s theorem (see [7, Corollary 1.4.14], the integral in (4.8)) converges in H*2.

k k
Remark 4.1. i) Since Y'20+2 with o € (0,1) is an intermediate space between spaces Y52,

k k
Y21+2 then using , boundedness of {ul"} in Y21+2 and interpolation inequality we get

§to

ulr YZ’_> ux(t) for o € (0,1) uniformly on [0,T). (4.14)

L
ii) From , and interpolation inequality we have uy € C’([O,T],YfJr ) for each
o<k.
iii) Rewriting (|4.c§|) as us(t) — e‘AiOtuo = +i fot e‘Aio(t_s)fe(ui(s))ds, t €10,T] and using
(4.10), (4.11), (4.14), we conclude that

/ e g ()ds S i / O e (9)ds, ¢ € 0,71, (4.15)
0 0

4.3. Proof of Proposition [2.9] If the solutions of the linear problem ([3.30) in L?(2) are
asymptotically decaying then, due to (3.32), (3.33]) we will have in the proof of Theorem

that uy € L*((0,00), Y1+2) This and 1. will then lead to ([2.30)).

Remark 4.2. To satisfy the assumption of Proposition m for f(z,u) = —a(x)|ul"tu +
b(x)|ulP~ u + V(z)u with o > p > 1 and a,b,V real valued functions such that a > 0 and
V € L"(Q) for somer > 5, r > 1, one can follow a decomposition of the potential in [10),
p. 3528] writing

V=Vi+V
and assuming that the bottom spectrum of —A—Vi(-)I in L? is strictly positive. The structure
condz’tion 2.10)) will then hold with C = Vi and D equal to a multiple of |b|ﬁa_@fpﬁ> +

b7 Ta” 0 gs blulPtt = @' O |u|PH 0ty u]? with 6 = EF L Volul? = a'~ ”|u|2 n | with

i = 2= so that Young’s mequalzty gives the result promded that |b|7—7 = +|b\ 1T €
Ls for some s > max{-22 Nizo L}
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4.4. Proof of Proposition [2.10 We first prove that the solution constructed for k£ = 1
in the proof of Theorem will enjoy the conservation of charge property (2.13)). Indeed,

considering the approximate solutions u." therein, multiplying n=nn by u", using {D
and taking into account the real parts the equation, we get
1d
2dt

Dy 2 + |V B = 70 / F, )

After integration with respect to time variable we then have

t
1 = Wl =20, [ [ e -2 [V @19
0

where for arbitrarlly ﬁxed positive time the right hand side of tends to 0 as 1, — 07
because f ) " and fg |Vul*||3, are bounded uniformly with respect to 7, due to
Lemmas |3 -9. and k condltlon We remark here that once u]" is bounded in H' uniformly
for the parameter 7, and for ¢ in bounded time intervals, then k-condition ensures that
| f¢(u)]| -1 is bounded uniformly for 1, and ¢, which in turn implies such boundedness of

(f(ul'),ul') -1 gn- Note that, due to (4.14),
wl 2wy for s < 1 uniformly on [0, 7. (4.17)

In particular, " — uy uniformly on [0,7] in L*(2) and passing to the limit in (4.16)) we
conclude via (4.7) that

lullZ> = lluollZ> = 0.
Concerning the energy E(u) = 3 [, |[Vu|? — F(u) note that due (3.27) we have
_ 5 / IVl P — F(ull) < B(up). (4.18)

Now, if F'in satisfies , using and (| - we obtain that
F(ui") — F(ui)

for any positive time. Combining this with boundedness of approximate solutions in H!,
weak lower semicontinuity of the norm and we get from .

We finally remark that if is assumed then the uniqueness result follows by a standard
application of Gronwall’s lemma ( see |6, Corollary 3.3.11] for details).

Remark 4.3. i) Although requires [ to be subcritical, it does not necessitate additional
restrictions on the growth of typical nonlinearities as in E:vample . Indeed, holds
for f(z,u) = —a()|ul"tu+b(z)|ulPtu+V(z)u as in assuming that a,b € L= (RY),
V e L"(RY) are real valued functions, r > 5, r>1,1<p<pandp < NJ_FQ when N > 3
(see [6, Lemma 3.3.7]).

ii) On the other hand note that does cause the growth exponent p to satisfy a more
restrictive condition than p < N+2 that is, than the one associated in Example ii) with
the case k=1, p=2, N > 3.
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APPENDIX A. AUXILIARY RESULTS
We include here some useful results, which we adapt from [9].

Lemma A.1. If C' € L" with some r > % and r > 1 then there exists wy € R such that

[ 0968 = c@)e?) = ol o€ (A1)
Q
Proof: If r,r" are Holder’s conjugate exponents then % — % < 1 and for s € (% — %, 1) we
have
/QC(;[;)\¢|2 <Nl l8ll72 < NCH 1013, (A.2)
where, via [20, §4.3.1 and §2.4.2(11)], ||¢|a= < c|| @[5 ||0]l;2° for ¢ € H™.
Since ||¢||g = (V|2 + ||¢]12)2, given & > 0 there exists c. > 0 such that

/QC(O«“)WF <e|[Volia + (cc +o)llol7e, ¢ € H'. (A.3)

Choosing € = 1 we get (A.1]) with wy = —(c¢; + 1). O

Lemma A.2. IfC'e L™, r > %, r>1 and (A.J‘ holds for some wy € R then there is a

continuous decreasing real valued function w(v) defined in the interval [0,1) such that

Vli,%lJr w(v) =w(0) = wy (A.4)
and for any v € [0,1) we have
J(a=0iwep - c@?) ) [ . oen (A5)
Q Q

Proof: We write
/Q (1= »)|Vof — C@)é?) = (1 - v) / Vol — (1—20) / C()|f* — 2 / C(a))6P

and using (A.3) with € = 1/2 to estimate the last term in the above equality we get
[ (=0IVoF = @) = (1 =2) [ (V6 = C)e?) ~ e + Dol (A0
From (A.6)) and (A.1)) we obtain (A.5)) with w(v) = (1 — 2v)wy — v(2¢12 + 1). O

Lemma A.3. Suppose thatV &€ L" with r > %, r>1,pé€ (1,00) and let B be any number

from the interval I(p) = (—=5*(p'), 5*(p) — 1] C (—1,0], where

B(p) =1+ (gp - g)_ (A7)

and a_ = min{a, 0} denotes the negative part of a € R.
Then, there is a certain interval (a, 1+ ) such that for any o € (g, 1+ ), Qv in
satisfies
Qv € E(Hiaszﬁ) and HQVHE(HZ%Q,H,%B) < ||V
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Proof: We observe that [|Co| 26 = supy; .1 | [ C¢¥| and estimate as follows
P H7

I/QCWI < |Cllzer @ lzea [ lles < el Cllzrll@ argellll2e

where p; = r and parameters ps, p3, a will be chosen such that

1 1 1
p,ps €0, —+—=—=, 0<a<pf+1l, -1<3<0 (A.B)
b2 p3 T
and N N N N
a-Dy N N N (A.9)
2p 20 2p 2p3
From (|A.9) we have o — 3 — % > —57, which allows us to consider
N
a € [5—1—5,5—1—1). (A.10)

On the other hand from (A.8)), (A.10|) we infer that % = 2% — % and o = (% -1 +p+1
for some 6 € (0, 1], so that (A.9) now reads

N N N N N N
T .S (A1)
2r 2p 2ps 2" 7 2py 217
or, equivalently,
N N N N N N
——t 2B+ 01— ) 1+ (A.12)
2py  2p  2r 2py 2r 2p
Varying py in [/, 00] and @ in (0, 1] on the left hand side L(p2) of (A.12) we can achieve
no more than % — &, which is the case when p, = co. On the right hand side R(p,,6) in
A.12) we can go down to infimum value —%, -1+ QEp =—-1- %, + % which will be achieved

for po = ', 6 = 0. Note that, by assumption, R(p, ) is increasing with respect to each
variable, L(ps) > R(p2,0) and L(py) = R(pa, 1) for every py € [, o0].

Now, given 5 € I(p), we have either L(co) > § > L(r') (that is f = L(py) for some
pa € [r',00]) or L(r') > > R(r',0) (that is § = R(r’,8) for some 6 € (0,1)) so that in
either case L(py) > 8 > R(ps,0) for some py € [r',;00], 6 € (0,1). Consequently, can
be satisfied for some py € [r’, 00|, € € (0,1] and hence also for some py € [r’, 00| and each
sufficiently small # € (0, 1]. This allows us to conclude that, whenever 5 € I(p), (A.9)) can
be satisfied with some po, p3 € [17, 0] satisfying p% + pig = % and with any o < 8+ 1 close
enough to § + 1.

We remark that it is not possible to have both 5 ¢ I(p) and (A.8)-(A.9) as, taking into
account that 6 € (0, 1], any such § will then lie outside the range of the left /right hand sides

of (A.12). O
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