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ON THE CONTINUATION OF SOLUTIONS OF NONAUTONOMOUS
SEMILINEAR PARABOLIC PROBLEMS

A. N. CARVALHOT, J. W. CHOLEWA*, AND M. J. D. NASCIMENTO?

ABSTRACT. In this paper we study evolutionary problems which fall into a class of nonau-
tonomous parabolic equations with critical exponents in a scale of Banach spaces FE,,
o € [0,1 + u). We consider a suitable notion of Ej.-solution and describe continua-
tion properties of the solution. This concerns both a situation when the solution can be
continued as E7..-solution and a situation when Ej,.-norm of the solution ‘blows-up’, in
which case a piecewise-Ej .-solution is constructed. This extends the existing results to
essentially larger class of parabolic problems.

1. INTRODUCTION

In this paper, given a family of unbounded linear operators in the Banach space Ej,
A(t) : Dg, C Ey — Ep, t € R, we focus on well posedness of a Cauchy problem of the form

(1.1) u(t) + At)u(t) = F(tu(t), t>7, ult)=u,,

where the linear operator appearing on the left hand side in (|1.1)) essentially depends on the
time variable.

Following the pioneering work [26] such problem has been considered by many authors
in wide generality and many related results have been obtained (see e.g. the monographs
[3, 20} 221, 23], 27, 130] and references therein). Here our main concern will be critically growing
nonlinearities, that is roughly speaking we will allow F'(¢,u(t)) to exhibit the same order of
magnitude as the linear main part operator A(t) (see [9, [13], [15] 29]).

For nonlinearities that behave in a subcritical manner continuation of solutions is satis-
factorily described both for autonomous and nonautonomous problems (see e.g. [6]). As
observed in [29] this is no longer the case for nonlinearities satisfying a critical growth
condition (see also [I3] (1.5)-(1.6)]). On the other hand, some previous results concerning
continuation properties of solutions of autonomous problems, see [13], cannot be directly ap-
plied to (1.1)) and require essential modifications. This will be our main goal in the present
paper.

To describe our results we start from the following two general assumptions. Conditions
sufficient for them in terms of the operators A(t) will be discussed in detail in Section [3]
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Assumption 1.1. Given a family of Banach spaces {E,,a € [0,1 + p)} there exists a
continuous process {U(t,7) : t > 17 € R} C L(Ey) in Ey such that given 7 € R and u, € Ej,
the map [1,00) 2t — u(t) = U(t, 7)u, € Ey is a classical solution of the linear problem

w(t) + At)u(t) =0, t > 71, u(T)=u,.

Furthermore, given any point tg € R there is a time interval I C R centered at ty such that
forany 1+ pu>02>C¢ >0 aconstant M > 0 exists for which

(1.2) WUt )|y S ME—7)7, t,rel, t >

Assumption 1.2. Given ty € R there is also a time interval I C R centered at ty such that
whenever 1 +pu>¢>02>0, 1 > (—0 >0 a constant M > 0 exists for which

(1.3) |U(t,7) = Id|| ey S M(t—7)7, t, 7€, t>T.

Concerning the right hand side in ([I.1]), we will assume that F’ belongs to a class of maps
L(e, p,v(¢),n, C,) satistying a suitable Lipschitz condition relative to {E,,a € [0,1 4 u)}.
Note that any such F falls in particular into the class of e-regular maps considered in [9].

Definition 1.3. We say that a continuous function F': R x Ey . — E, is of the class
L(e, p,v(€),n,Cy) of Lipschitz maps relative to {Ey, € [0,1+ p)} with constants p > 1,
0<e< mln{p /L} () € [pe, 1), n > 0 and C,, > 0 if and only if for any bounded time
interval I C R there exists ¢ > 0 such that for each v,w € Fy, ., t €1 we have

(1.4) IF(t,v) — F(t,w)|lg,., < cllv—wllp..0lvl%. +nllwlf . + Cy)
and
(1.5) 1E(t, )|, ., < cmlv]g,. + Cn)-

We single out for special attention the case when in (| . one has 7(g) = pe and not
v(€) € (pe, 1) as it exhibits criticality of F' relative to (E1, EO (see [9]).

Definition 1.4. In the case when for a certain n > O D hold with 'y ) (pe, 1) we
say that F' is subcritical. When for a certain n > 0 ) hold with ~(e) = pe but not

with y(g) € (pe, 1), F is called critical and p is called a crltlcal exponent. In the case when
F' is critical and (1.4)-(1.5) hold with any n > 0 we say that F' is an almost critical map.

We will consider the following notion of solution (see [15]; also [9, [13]).

Definition 1.5. Given F of the class L(e, p,(¢),n,Cy) relative to {E,, o € [0,1 + )},
7> 0 and u, € Ey we say that u : [1,T] — EyU Ey4. is a mild Ey,.-solution (Ei,.-solution
for short) of on the interval [7,T] if and only if uw € L2.((7,T), E14e), there exists the
limit limy_,,+ (t — 7)%||u(t)||g,,. =0, u( ) = u, and fort € (1,T] we have

(1.6) u(t) =U(t, 7)ur —|—/ U(t,s)F(s,u(s))ds.

If, given a € (7,00|, u is an Ey.-solution of (1.1) on [r,T] for any T € (7,a), then we
say that w is an Ey,.-solution on the interval [T, a).

With these assumptions Ej,.-solution will be unique and Hélder continuous away from 7.
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Theorem 1.6. Suppose that Assumptions hold, F' is of the class L(e, p,v(g),n, Cy)
relative to {Ey, a0 € [0,1+ p)}, 7 € R and u, € Ey.

Then there ezists at most one Ey..-solution u = u(-,7,u;) of on [1,T| and u €
CL.((7,T], Ertg) for any 0 < 6 <min{vy(e), u}, 0 <v < v* = min{~y(e), u} — 6.

To describe a set of initial data for which ([1.1)) has the unique F;,.-solution we will
consider a linear subspace €L of Ejy

(1.7) ¢l = {p € Ey: there exists lim (t — 1)U, 7)ollg,,. = 0}.
t—7t
We also define, for some 6 > 0,
(1.8) lells* = sup (=77 U T)¢lp,. ¢ € €
te(r,7+4]
and
(1.9) B, (wo,m) = {¢ € €L : |lo —woll5* <7}, wo € €L

With the above set-up we first state the local well posedness result, which complements
earlier consideration of [9 Theorem 1|, [I3| Theorem 2.1} and [I5, Theorem 3.1]. In what

follows B(a,b) = fo =11 — s)*~1ds, a,b > 0, denotes Euler’s Beta function and
(1.10) B., = maX{B(l —pe,v(e) —e),B(vy(e) —e,1 —e)}.

Theorem 1.7. Suppose that Assumptions are satisfied and that F is of the class
L(e, p,y(e),n, Cp) relative to {Eq, o € [0,1+ p)}.

Then,
z_) gwen ty € R, wy € €L and given T in a certain interval J C R centered at ty there exist
5 € (0,1] and 7o = —————, where M = M(1+¢,7(¢),J), B., are as in (1.2), (1.10),

4(8enM Be,p) P—1
such that for any initial condition u, satisfying

(1.11) ur € B (wo,7)
with
(1.12) 6o € (0,00) and 1 € (0,7

there exists the unique Ey,.-solution uw = u(-, 7, u,) of on [T, 7 + do].
Furthermore,
ii) when F is subcritical or F is almost critical, the time of existence &y can be chosen
uniformly with respect to initial condition u, € Ber (wo,r) for arbitrarily large r,
iii) for any 0 < 0 < min{vy(e), u} we have

(1.13) lim (£ = 7)°[|u(t, 7,00 |y 1y = 0, ur € Be(wo,r) N €,
t—T €
and
sup (£ —7)°|ult, 7, u)) — ult, 7,ul)||p,,,
(1 14) te|r,7+d0]

¢ T
< CO(lt - 25 + ul —2[E). ulu? € BE (wy,r) (1€,
i) also, whenever 0 < 0 < min{vy(e), u} and u, € Bg% (wo, ), we have

(1.15) tlirn+(t —)NU®, T)ur — url By, = 0 implies lim (t — 7)°||u(t, 7,ur) — ur||5,,, = 0.
—T t—7t
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Although we have not used so far embedding properties it is typical for applications that
(1.16) Ejs is densely embedded in E, whenever 0 < a < 8 <1+ p.

Remark 1.8. i) Under Assumptian and ([L16), By C €7, || - |57 is the norm in € and
ng (wo, ) contains a ball in Ey centered at wy of radius §7.
it) If (1.16) holds, then Theorem[1.7 can be applied with wy € Ey and the time of existence

do can be then chosen uniformly with respect to T € J.

Remark 1.9. With and assumptions of Theorem ifu=u(-,7,u;) is Eyc-solution
of as in this theorem then

i) u € C([r,7 + 0], Eo) N CL((T, T + 0o, E119) whenever u, € E,, a € [0,1], 0 < 0 <
min{y(e), p}, 0 <v <min{y(e), u} — 0,

i) uw € C([r, 7+ do], Erie) N CL((T, T + do], Erro) whenever u, € Ey,.,

iii) u(t, T,u,) is continuous in Ey with respect to (t,u,) € 1,7 + do] X Ej.

Given 7 € R and u, € €] we next define
I(u,) :={T € (1,00) : there exists the unique E}.-solution of on [1,T1}.
Under the assumptions of Theorem I(u,) is nonempty, in which case we denote
(1.17) T., :=supI(u,)

and call [r, T, ) the mazimal interval of existence of E1,.-solution.

Since in applications E; often plays a role of a space in which is expected to define a
continuous process we now state the theorem which involves characterization of the maximal
time of existence of Ej,.-solution in terms of Ej-norm even in a certain critical case. This
is significant for applications as any ‘better’ estimate may be often impossible to find.

Theorem 1.10. Suppose that Assumption hold, F' is of the class L(e, p,v(g),n,Cy)
relative to {Ey, 0 € [0,1+p)}, 7 € R, u, € €I and u = u(-, 7,u,) is Eyy.-solution of
on a maximal interval of existence [1,T,.). Assume also (1.16)).

i) If F is subcritical or F is almost critical, then

(1.18) T., < oo implies limsup ||u(t, T, u,)||p, = 0.
t—To,
ii) In either case when F' is subcritical, almost critical, or F is critical, T,, < oo implies

that there does not exist even one sequence t, — T, , for which {u(t,,T,u;)} converges in
Ey; in particular the map [7,T,.) >t — u(t) € Ey cannot be uniformly continuous.

Note that in Theorem for I subcritical, almost critical, or critical, we have that

(1.19) T.. <oo implies limsup ||u(t)|g,,. = oco.
=Ty,

However, the E.-estimate may not be easy to find in applications.

It is next reasonable to generalize the notion of Ej,.-solution and investigate a possibility
of continuing Fi,.-solution even though its E;,.-norm may blow up.

Definition 1.11. Suppose that F is of the class L(e, p,v(e),n,Cy) relative to {E,, o €
0,14 p)}, 7>0, vg € €T and I, C R is an interval of the form [r,a) or [T, 00).
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We say that U : I, — Ey U Ey,. is a piecewise-F1 -solution of (1.1)) on I, if and only
if U(T) = u, and, for each T € I, \ {7}, there exist a number Ny € N and a partition
T=7<7 <..<Tng <T =7n;41 of [7,T] such that

t—T,_
(1.20) ) —U(ri)lm, — 0, i=2,...,Np+1,
(1.21) limsup [|U(t)||p,,. =00, ©=2,...,Np+1,
t—1,_
(122) Uue Llosc«’?'i,l,ﬂ‘), E1+E), 1= 1, ceuy NT + 1,
€ t_>7—it1 .
(123) (t—Ti_l) ||u(t)||E1+5 — O, 1= ]_,...,NT+1,
(124) Z/{(Tifl) = Ur_q, 1= 17---7NT+1;

t
(125) Z/{(t) = U(t,Ti,l)uTFl —|—/ U(t, S)F(S,U(S))ds, t e (Tifl,TZ’), 1= 1, ey NT + 1.

If the interval I. = [1,a) is finite, U : [T,a) — EoU Ey. is a piecewise-E, . -solution of
(1.1) on I. = [1,a) and a is a limit of a strictly increasing sequence {7;,i € N} of times such
that limsup,_, - ||{U(t)| k. = 00, then a is called an accumulation time of singular times.

Below we describe when Fj,.-solution can be continued as a piecewise- Fy.-solution.

Theorem 1.12. Suppose that Assumptions are satisfied and F' is of the class
L(e, p,v(€),n, Cy) relative to {Ey, a0 € [0, 14+ p)}. Suppose additionally that (1.16]) holds, Ey
is reflexive and, given any 7 € R, u, € &,
(1.26) sup |lu(t)||g, < oo
te[r,T)
whenever T' € (1,00) and Ey .-solution u = u(-,7,u,) of (4.19) exists for allt € [7,T).
Finally suppose that

(1.27) when 7 € R, u, € Ey and T,, < oo, the map [1,T,.) >t — u(t) € Ey,

where u = u(-, 7, u,) is Eiic-solution of (1.1)), is uniformly continuous.

Under these assumptions, gwen 7 € R, u, € E; and having the unique FEy,.-solution
u=u(-,7,Ty,, ) of (1.1) for which T, < oo, there exist a € (T,,, 00| and the unique extension
U :[r,a) = Ey of u such that U is a piecewise-E, .-solution of (L.1)) on [1,a) and either
a =00 or a is an accumulation time of singular times.

The proofs of the above results will be given in Section 2] In Section 3] we discuss sufficient
conditions for Assumptions [L.1] in terms of A(t). In Section {4 we show how the abstract
results work in applications.

Acknowledgement. This work has been carried out while the second author visited Depar-
tamento de Matematica, Instituto de Ciéncias Matematicas e de Computacao, Universidade
de Sao Paulo-Campus de Sao Carlos, Brazil. He would like to acknowledge the great hospi-

tality of the people from this Institute.
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2. PROOFS OF ABSTRACT RESULTS

2.1. Uniqueness and Holder continuity of E..-solution: proof of Theorem [1.6]
Given —oo < 7 < T < oo we define

(2.1) M = {6 € LE(7.T). Bue) ¢ lim (£ — 7 [00) .. = 0}
Theorem [I.6] will be a consequence of the following two lemmas.

Lemma 2.1. Suppose that Assumptions |1.] u 1.2 hold, F is of the class L(e,p,v(g),n,Cy)
relative to {Eo,a € [0,14 p)}, u € ML and (1.6) is valid for t € (7,T] with some u, € Ey .
Then u € C¥([0,T), Er1q) for any § € (1,T), v € (0,v4) and v, = min{y(e), u} — 0 > 0.

Proof: Due to Assumptions , given a bounded time interval [—-7,7] C R and any
0 < (<o <1+ pu,onecan choose a positive constant M for which we have

(2.2) U ey S ME=7)"", T2t >7> T,

and, if 1 >0 —( >0,

(2.3) |U(t,7) = Id|| gy py S Mt —7)7, T>t>71>-T.
On the other hand, since u € ML, for any J > 7 close enough to 7 we have

(2.4) [u@®)llpry. < (E—7)7% t € (T,0),

in which case letting ¢ = ¢(n + C,)) we deduce from that

(2.5) | F(s, u(s)||E7(E) <c((s—71)P+1), te(r,0).

Not loosing generality we will assume that 6 > 7 is close enough to 7 and ([2.5)) holds.
Since v € ML and § > 7 then |Jul|p~(s1),6,.) < ¢s and by (L.5]) we conclude that

(2.6) my = ||[F(t, u(t))|| L 61),8,.)) < 00

For 7 <6 <t <t+ h < T from the variation of constants formula we infer that

[ult + 1) = u(®)|[ep < NUE+A,T) = U 7))tr ]2y

t+h
+/ mw+h@ﬂsw»mwm+/w (t+ B s) — U(t,8))F (s, u(s)l| vy ds

/ (Ut +h,s) =Ul(t,s)F(s,u(s))||p,eds = J1 + Jo + J3 + Ja.

Choosing arbitrary
(2.7) g€ (0,n)N(0,7(¢))
and applying (2.2)-(2.3)) we get for J, = ||[(U(t + h,t) = Id)U(t, 7)u,| &, .,

<|NU@E+ ht) = Id| (e 50 U E T L0210 [0 | 2o

< MRt — 1) Ju gy < MPRETO(S — 1) 7wy | -
6
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Using (2.2), (2.6)), (2.7) we also obtain

t+h
Jy = / WU+ b )0 0, 1, (3)) 1, ds
(2.9) ¢

< Mms /Hh(t +h— ) ds < Mmgs(y(e) — 0)"Y(T — 7)7 20,
On the other hand, l;y . and . we have
/ |U(E A+ hyt) = Ldl| oy o) 1U(E $) Lz, 0 |1 F (s, uls)) | 2, ds
(2.10) < M?m; / Ot — s O 14ds < MP((e) — &) mshf=0(t — §)1)¢

< M%(y(e) — &) tmsh™ Q(T—T)7(E)_é,
whereas due to (2.5) we get

é
Ji < / “U(t + h, t) - ]d||L(El+évEl+9)||U(t7 S)|‘L(E’y(e)7El+é)||F(S7 U(S))HEW(E)dS

1
< EMZ/ RE0(t — )& 7172 ((s — 7) 7% 4+ 1)ds

(2.11) - A t |
< eMPhe? (/ (t — 3)7(5)_1_5(8 — 1) Pds + / (t — 8)7(5)_1_6d8)
R _ \(e)-¢ X
<aarw (B -1 - 4 - a7 @, -0
— T €

As a consequence of the above estimates for any > 7 close enough to 7 there exists ¢ > 0
such that for each 7 < § <t <t+h < T we have |[u(t + h) — u(t)||p,,, < ch*’. Recalling

that € could be any number satisfying (2.7) we get the result.

Lemma 2.2. If o, € ML u, € Ey and (1.6) is valid in (1, T] both for u= ¢ and u = @,

then @, ¢ are identical on (1,T].

Proof: By assumption we have

le(t) = @)llm1,. < cC M/ (t =)o) = (s)ll gy, ds

+ch/ (t =) lo(s) = Az (1), + 1By, )ds, t € (7, T].

Since ¢, p € ML given £ € (0, 1), there is a certain h € (0,€) such that

=7l + (=) e B <& L€ (T, T+ ).
Using this and restricting ¢ to the interval (7,7 4+ h) where h € (0,£) we obtain
(= 7)lle(t) = &)l o
< cOyMB(y(e) —&,1 =)&) sup h)(S —7)°lle(s) — ()| B
se(r, 7+

+ O MB(1 —ep,y(e) — ) sup (s —7)°[(s) — (5|l ...
s€(r,7+h)
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We remark that the inequality above will hold true if we replace its left hand side by
SUDse(r,r4m) (5 — T)*|lo(s) — P(8)|lmy,.. On the other hand recalling that p > 1, y(e) > pe
and choosing ¢ > 0 small enough we can ensure that the right hand side above is less than
L8Py e (5—T)7119(5) —3(5) | 5,.... Consequently sup,c .y (5—7)°[9(5)—2() | . = 0
and thus ¢ = ¢ in [7, 7 + h] for some h > 0.

Now, if 7% € (7,7 + h] is such that p(7*) = @(7*) then applying the variation of constants
formula with the initial time 7* and with the initial value ¢(7*) = @(7*) we get

t

p(t) — o(t) = / U(t, s)(F(s,(s) = F(s,¢(s))ds in [77,T].

Hence, letting c* = sup,e.- 1([le(s)ll%,,. + 19(s)]1%,,.),
t

le(t) = @)l < M(Cy + nc*)/ (t =) llp(s) = a(s)l|yyds in [T

*

and by singular Gronwall’s inequality we conclude that ¢ and ¢ coincide. U

2.2. Proof of Theorem Let us fix an interval I = (ty — &, to + &) around ¢y such that
holds with ¢ = () and ¢ = 1 + €. Let us also choose an interval J centered at t,
such that I\ J is the union of two intervals of length [ > 0.
We first note that if 6* € (0,0), 7 € J, § € (0,1] N (0,6%), v € C((7,7 + 9], E14.),
t

AMv,t) = supge(rg{(s — 7)°[v(s)l|E, .}, B > 0, t € (7,7 + 6] and A(v,t) < R then, by
Assumption and ((1.5]), we have
(2 12) ||U(tv S)F(87U(S))||El+e < HU(t S)HL E(e)s E1+e)||F(S U(S>)||E'y(5)
' < M(t =) O e (nl|v(s) ||, + Cy)

and consequently

(=) [ V)P (sl < O 7 [ (0 5O

(2.13) CenM(t — 7_)5/ (t — 8)71+7(s)*e(8 —7)"[(s — T)EHU(S)”EHE]pdS

< cMB(1 — pe,y(e) — €)[Cy(t — 7)) + 9\ (v,1)] < eM B, ,[C,(t — )" 4 nR?).
Also, if v,0 € C((1,7 + 0], E14e), t € (1,74 6] and A(v,t) < R, A(9,t) < R then, with a
similar usage of Assumption and ((1.4), we get
t
(t—7)° / U(t,s)[F(s,v(s)) = F(s,0(s))lds| ..

< cCyM(t - T)s/ (t =) (s — 1) (s = 7)||u(s) — 8(s)| . ds

T

+oenM(t - T)E/ (t =) O (s = )77 (((s = 7 llo(s) gy )"

H((s =)o) e ) ") (s = ) lu(s) = 0(s)[| .. ds.
Hence, letting

(2.14) T.(t) := ¢cM B, ,[C,(t — )9~ + 2nRF7Y,
8



we conclude that

(t )| / (t, 8)[F(s,0(s)) — F(s,5(5))]ds]| ..
<T(t) sup {(s — 7)llu(s) — 5(s)l| ..}

se(T,t]

We now choose Ry > R > 0 and § € (0,1] N (0,6*) such that

(2.15)

R 1
8’ 4}
R Ro 1

We also set r 1= 3 < 72 = P —— and, since limy_,.+ [[(t — 7)°U(t, T)wo||g,,. = 0 we
4(8enM B, p) P~

choose &y € (0, 4] such that

1
(2.16) c77MBE7p}_{6’_1:g and  cC,MB, 6"~ = min{—

R _
(2.17) It =) U Nwollpy. < 50 T <EST A+ o,
For any fixed &y € (0, o], u, € Bg% (wp, ) let us consider the set
(2.18) K(R,7)={veC((r,7+ 0, E11:), sup {(t—7)|v(®)|p..} <R}

te(TzTJ’_(SO}

and define d(v, ) = supye(; 1591t — 7)°||0(t) — 0(t)||g,,.} for v,0 € K(R, 7). Note that d
is a metric in K (R, 7) and that (K(R,7),d) is a complete metric space.
We will next consider the map

(To)(t) =U(t, T)u, +/ U(t,s)F(s,v(s))ds, ve K(R,T), t € (1,7 + ).

Adapting Lemma [2.1| one can see that Tv 6 C( 7,7 + &), E14c) for v € K(R, 7).

It then follows from - and - ) that
[(t =) (Tv)D)l . < E=7)NUE,7)ur +/ U(t,s)F(s,v(s))ds| g,,.

T

t
<t = 7)°Ut, T)ur | gy + cM(E — T)E/ (t =) O (llu(s)I%,,. + Cy)ds
<t = 7)°U R, 7)(ur — wo)llpyye FII(E = 7)U(E, T)woll £y
+cMnB. ,R+cMC, B. 61"
<r+||(t = 7)°Ut Twol| gy, + MnBe ,R” + ¢MC,B. .60 63 < R,

which yields that 7 takes K (R, 7) into K(R, 7). On the other hand, applying (2.14)-(2.16)),
we get d(T vy, Tvy) < %d(’Ul,Ug).
Consequently, due to the Banach fixed point theorem, we infer that 7 has the unique fixed
point v = u(-,7,u,) in K(R,7) and we now show that lim,_,.+ ||(t — 7)°u(t)| g,,. = 0.
Adapting , we have for each ¢t € (7,7 + Jy| and the above fixed point u

(t = ) lu®)ll .. < (&= 7N Ul + M Be,y[Cyt — 7)) +nR A (u, 1)),

where by assumption, given any £ > 0, we can choose h € (0, ) such that for ¢t € (7,7 + h)
we have (t — 7)°||U(t, 7)ur||p,,. <& Hence, we get

+



Since the right hand side above is a nondecreasing function of ¢, we obtain
Au, t) < &+ cMB.,[Co&® + nRNu, t)], t € (1,7 + h),

and, via (2.16), ZA(u,t) <&+ cMB. ,Cpé"®, t € (1,7 + h). This yields

(2.19) Mu,t) = sup {(s — 7)°||u(s)||p,,.} — 0 as t = 7+,

se(T,t)
which ensures that (t — 7)°u(t) = 0in Ey . ast — 7.

Finally, letting u(7) = u,, we extend the fixed point u = u(-, 7, u,) constructed above to
the interval [7, 7 + do] and obtain Ei. solution of (L.I)). Since the uniqueness follows from
Theorem [2.2] part i) of Theorem is proved.

Part ii) now follows from Corollary 2.3 below (see also Remark [2.4)).

Corollary 2.3. Suppose that Assumptzonsn - 1.2 hold, F': Rx Ky, — E,) is continuous
and there exist constants p > 1, 0 < e < mm{ Jut, v(e) € [pe, 1) such that for each n > 0
there is a certain C, > 0 and, moreover, for any bounded time interval I C R there exists
some ¢ > 0 for whieh we have

1E(t,0) = F(t,w),, < cllo—wlp (ol +nllwllz;, +Cy), v,w € B, te

Erqe Eite
and
I1E @ v)lle,., <cOlvlg,, +Cy), viwe By, tel
Then, given any tg € R, 7 in a certain interval J C R centered at ty and given any ro > 0,
there exists 09 > 0 such that for any initial condition u, € B (0 ro) there exists the unique
Ey i e-solution u = u(-, 7,u,) of (1.1} . on [T, 7+ d].

Proof: Letting wy = 0 and coming back to the proof of Theorem observe that given any
ro > 0 one can now choose > 0 such that r in (1.12)) satisfies r > ry. Proceeding as in
the proof of Theorem we obtain for any u, € B (0,r) the existence of Ej.-solution

u=u(-,7,u,) of (1.1) on [, 7+ dy. O
Remark 2.4. If F' is subcritical then not loosing generality one can assume that n > 0
in (1.4)-(1.5) can be chosen arbitrarily small. Indeed, given p > 1, ¢ € (0,%), e < W,
v(e) € (pe,1) we can choose p > p close enough to p and we will have € € (O,%) and
v(e) € (pe,1). Then n||w||’;3i can be estimated by 77||w||E1+ + iy, which yields (1.4)-(L.5)
with parameters €,7(g) as before, p replaced by p > p suztably close to p and 77 replaced by 1,
which we can fix as small as we wish. Parameters €, v(¢) and ¢ in will remain

the same and the only difference will come from the replacement ofC by C + cij, which
will not influence the heart of our consideration.

We now prove conditions - Using a similar argument as in - for 0 €
(0,7v(¢)) N (0, ) and for the unlque B -solution u = u(-, 7,u,) of (L.1) we get

(t = 1) Nlu®)llpry < (=) NUET)ucllgy, + (= 7)9/ 1T, s)E (s, u(s)) ||, ds

< (0= PN+ eMC(3() = 0) (0 =)
+nedB(1 = 2p.7(9) = 0)(5up {(s =) u(s) ..}
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Recalling that u, € Bg% (wo, )N &G and using ([2.19) we conclude that (¢ —7)°||u(t)| £,,, — 0
as t — 71, which proves ([1.13)).

For 6 € (0,7v(g)) N (0, u) analogously as in ([2.15)) we next have
(t = 7)"llult, 7,uz) = ult, T, u2)HE1+9 < (¢ =7)|U () (ur = ud) e

(t—7) / \UE, $)[F (s, u(s, 7,ub)) — F(s, u(s, 7,62)]] 5., ds

(2.20)
< (t=1)NUE7)(uy — u2) gy
+ To(t )T<§3§+5 {(s =) Nluls, 7, u7) = uls, 7, u2) | gy, )
where

Ty(t) = cM(14-0,7(¢), T) max{ B(y(¢)—0, 1 —¢), B(1—pe,v(e)—0) }[Cyy (t—7)7 0 -2 RF].
Taking 0 = ¢ we get

(t - T)€||u(t7 T, uvl—) (t T, U )||E1+s X (t - T)EHU(t? T)(uvl— - UE)HEHS
+T.(t) sup {(s —7)Nuls, 7, ur) — uls, 7, u2) || ). }-
T<8<T+d0

Since, by (2.16)), I'.(7 + dp) < % and I'.(¢) is increasing with respect to ¢t we conclude that
2

sup  {(s —7)°Nuls, 7, u7) —uls, 7,02 ||gy, } <2 sup (s = 7)° U (s, 7) (up — u2)| .
TS<T+00 TS<T+00

Consequently, using the above inequality and we get .

Assuming that 0 < § < min{~(¢), u} and lim,_,,+ (¢ — 7)?|U (¢, T)ur — us||,,, = 0 We now
show that lim,,+(¢t — 7)%||u(t, 7, u;) — u;|E,,, = 0, for which we first use the variation of
constants formula and (L.2)), to get for each t € (7,7 + do|

(t - T)oHu(t) - uTHE1+0
< (=) U T ur — gy, + (8- 7)9/ [U(t, 5)F(s,u(s))||gy.0ds

< (t =) NUE T)ur = urlly

oMt =) [ (6= OC, 4 nls = 1) (s = TFul, s

< (=1 Ut T ur = urll gy + cCoMB(1 = pe,y(e) = 0)(t — 7))
+eMnB(1 — pe,y(e) = )N (u, 1).
Thus ((1.15)) is a consequence of (2.21]) and (2.19). The proof of Theorem 1.7|is complete. [

(2.21)

2.3. Proof of Remark [1.8] Note first that Ey,. C € as, whenever ¢ € Ey . by Assump-
tion [L.1] we have (t — 7)|U (¢, 7)| .. < M(t—7)|l¢llg,,. = 0ast — 7. Now, if ¢ € E

and Fy. 3 ¢, 5 1 then using again Assumption u we obtain

(=7 NUE )Gl prye < MY = @nllz + (E =7 NUE T)onll 51y

and for each ¢ > 0 we can choose n € N and h¢ > 0 such that the right hand side of the

above inequality becomes less than ¢ uniformly for ¢t € (7, 7+ h¢). This proves that E; C €.
11




By assumption [|¢||5* = 0 implies 0 = ||U(t, 7|z, — |l¢llg, ast — 7+ and we get ¢ = 0.
It then follows easily || - Hfz is the norm in €.

Finally, if ¢» € {¢ € Ex : |9—wollp, < 57} then supye(r - 5(s =7)[|U (s, 7) (¢ —wo) || £y <
MY — wyl|g, < r and, ev1dent1y, (NS B‘ST(wo, r), which completes the proof of part i).

We can now apply Theorem with wy € F; and ensure that the time of existence g
can be then chosen uniformly in a certain neighborhood of a given point t; € R. Actually,
following the proof of existential part of Theorem it suffices to ensure that the number
do(R) in (2.17) can be chosen uniformly with respect to 7 € J.

Choose wy € E; and recall that Fy,. is dense in E;. Using for any ¢ € Fy,. we have

sup |[(t = 7)U( T)woll,. < sup |8 =7)UE 7)(wo = 9)l[y

(2 22) T<t<T+00 T<t<T+d0
. + sup |[[(t = 7)° U, 7)d B, < Mwo— ol + M| S5, 7€ T
T<t<T+d0

Evidently ¢ can be chosen such that M||wy — ¢z, < £ and 0y can be chosen (independently
of 7) such that 65M||¢[|g,.. < £ in which case sup, _,<,.5, [|(t = 7)°U(t, T)wol|p,,. < £ for

any 7 € J. O
Proof of Remark [1.9] We first prove that
(2.23) lim [[(U(t,7) = D)Yllg, =0 for ¢ € Es, a€[0,14 p).

t—T1

For this observe that [[(U(t,7) — I)¢||lg, < M(t — T)B_“H(bHEﬁ — 0 as t — 71 whenever
¢ € Ez, 0 <a<f <1+ p On the other hand, 1fE59gbn Y € E, then

IO 7) = Dllz, < (M +DY = dullz, + [(UET) = D¢l 2

For ¢ > 0 one can thus choose n € N and h¢ > 0 such that the right hand side of the above
inequality will be less than ¢ uniformly for ¢t € (7,7 + h¢), which proves (2.23]).
We next infer that

(2.24) lim |lu(t) = U(t,7)us||g, =0 for a€l0,1), u, € E,.

t—T

Indeed, since u is Ej;.-solution, for § > 7 close enough to 7 and t € (7,d) we have

[u@)]|z,. < (E=7)7% Via ([L3) also [[F(s,u(s)|g,., < (s —7)7 +1) for & € (7,9).
Whenever v(e) < a < 1 and t € (7,0) we can thus estimate ||u(t) — U(t,7)u,| g, by

f: ||U(t7 S)”L (Eqy(e) Ba ||F<S7u(8))||E'y(5)d8 and get

ut) - U(t, sl < /Mt—s (s — 7)-" + 1)ds
SEM ((t=7)"O7 PB4 9(e) — a1 —ep) + (1 +7(e) — a) Mt — 7))

where the right hand side tends to 0 as ¢t — 7. Connecting (2.23) and (2.24) we get that
limg_,+ ||u(t) — ur|| g, = 0 whenever u, € E, and a € [0,1). By (1.15) and (2.23)) the latter
is also true for & = 1 and using Theorem [L.6 we obtain 1)

For the proof of ii) note that given w, € FEj,. one can actually find a fixed point of
(To)(t) =U(t, T)u, + f U(t,s)F(s,v(s))ds in a complete metric space

Ke(R,7) ={v e C([T,T+1§],E1+E) Il = u-|[| < R}




with some R > 0, £ > 0 and [[|[v]|| = sup,ey 14 [|0(t) || 2y, Indeed, given v € K¢(R, 7), we

have by (2.23), (1.2) and ((1.5)) that for a suitably small £ > 0

t
[(T0)(t) = urllye <NUETIUr = tr|| +/ 1O $) Lz, 0 10 1 (55 0(5) | 2, s

t
< U )ur — iy, + M / (t = 59O <c(yllo(s) |5, + Cy)ds

<UD ur = tr|l e + R+ C)M(v(e) — €) 'O <R, te [r7+¢).
Hence T takes IC¢(R, 7) into itself. On the other hand, (1.2)), (1.4) imply for v, 0 € KC¢(R, T)

1(Tv)(t) = (TO) ()| 1. </ 1U(E, $)|| i, o) rio) | F (5, 0(s)) = F(s,0(5)) || e, . ds

<e(2pRH+Cy) sup lo(t) = 8(t) ]|, M (v(e) — €)1 te [rT 4],
te[r,m+€]
so that for £ > 0 small enough 7 : K¢(R,7) = K¢(R,7) is a contraction. By uniqueness
this ensures that Ej.-solution of (1.1)) can be viewed as a fixed point of 7 in K¢(R, 7) and

hence it is right-continuous in E;,. at 7. Combining this with Theorem we get ii).
Finally, applying ii) and (1.14)) with = 0 we obtain iii). O

2.4. Proofs of continuation results. In what follows we prove Theorems [1.10] {1.12]
Proof of part i) in Theorem Recalling Remark we assume that 7, < oo,
limsup, - |lu(t, 7, ur)||g, <r* for some r* > 0 and for any n € N large enough we define

Tw =T, — L w, =u(T, — %, T,u.). We then consider the Cauchy problem

(2.25) w(t) + At)u(t) = F(t,u(t)), t > 1, u(t,) = un,,

where initial conditions u,, belong both to Ej,. and to a ball Bg, (0,7*) in E; of radius r*.
Also, the initial times 7,, converge to T, .

We then have supye,, - 15(5 — T)°|U(s, 70)ur, |5, < Mlus, [, < Mr* and hence
U, € Bg;n (0, Mr*).

Due to Theorem [1.7]i)-ii) there is the unique Ei.-solution of on [Ty, Tn+0o], where dg
does not depend on n (see Remark [1.8]ii)). By uniqueness, the latter solution coincides with
u(+, 7, u,) on [1,, T,.| for each n sufficiently large. From this we infer that, by concatenation,
u = u(-,T,u,) can be continued as an Ej,.-solution of onto the interval [, T,, + o),
which contradicts the definition of 7, . O
Proof of part ii) in Theorem Assume that T, < oo and let 7,, — T, be such that
u(Ty, T,ur) — wo in Ey as n — oo. Then SUDse (1 76 (s = 1)U (s, ) (Ur, — wo)||Ery. <
M||u,, — wo||g,. Hence, if r is chosen as in Theorem relative to wy and N € N is such
that ||u,, —wol|p < 7 for n > N then u,, € ngn (wo, ) for n > N and § > 0 close to zero.

Due to Theorem (see Remark ii)) there is the unique Ej.-solution of on
[T, Tn+00], where 6y does not depend on n. Again, by uniqueness, this solution coincides with
u(+, 7,u;) on [1,, T, ] for each n sufficiently large and thus v = u(-, 7, u,) can be continued
as an E,.-solution of onto [r,T,, + dp), which contradicts definition of T, . O
Proof of Assume that T, < oo and let limsup, 5+ [[u(t,7,ur)|lp,,. < 7* for some
r* > 0. For any n € N large enough define 7, :== T, — %, u,, = u(T,, — ,7,u,) and
consider the Cauchy problem ([2.25]).
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Since u., belongs to a ball Bg,,_(0,7*) in Eyi4. of radius 7* > 0 around zero, then for
any 6 > 0 small enough we have sup,c,. ~ 15(5 — 7)(|U (s, Tn)tr, |2y, < EM|ur, |5y, <
0°Mr*. Hence, if r > 0 is chosen relatively to wg = 0 as in Theorem and 0° € (0, =%;),
we observe that u,, belongs to Bi.. (0,7).

As a consequence of Theorem (see Remark |1.8]ii)) the problem has the unique
E,i.-solution on [7,,, 7, + o], where &y does not depend on n. By uniqueness the latter
solution coincides with u(-, 7, u,) on [r,, T, ] for each n large enough and u = u(-, 7, u,) can
be continued as an F,.-solution of onto [1,T,. 4 dy), which leads to contradiction. [
Proof of Theorem By assumption, given 7 € R and u, € €7, we obtain from
Theorem that there exists the unique Fi,.-solution u of on the maximal interval
of existence [7,T,.) and we denote ug := u,, Ty, := T,..

It T,,, < oo then, using — and reflexivity of F;, we conclude that there exists

, . T
a certain uy € Ey such that lim, |u(t, 7,u;) — ui||g, = 0 and w(t, 7,u,) —° u; weakly

in £7. Thus u(t, 7,u,) can be extended to a function U, defined on [1,T,,] and satisfying
Uy € L2 ((1, Ty, Erie), Up(T) = ur = ug, Up(t) e Uy(Ty,) = uy € ¢l ast — T,, and

loc

Up(t) = U(t, T)uo + /t Ul(t,s)F(s,Uy(s))ds for t € (1,T,,).

By Theorem there exists the unique Ej,.-solution u(-,T,,,u;) of the Cauchy problem
u(t) + A(t)u(t) = F(t,u(t)), t > Tuy, w(Ty,) = u,

which can be continued on the maximal interval of existence [T, T,,). Now, if T, < oo,
repeating the above argument we find uy € Ey such that lim, ;.- lu(t, Tuy, 1) — uz||p, =0

and u(t, Ty, ur) e ug weakly in Ey. Thus u(t,T,,,u;) can be extended to a function
U, defined on [T, T,,] and satisfying U, € L.((Tuy, Tu,), Brie), Un(Tuy) = ug, Un(t) 23
U (T,,) =ug € @Z“l ast — T, and

t
Ui (t) = U(t, Tyy)ug +/ U(t,s)F(s,Ui(s))ds for t € (Tyy, Tu,)-
Tug

If there is k& € N such that, proceeding as above, we obtain in a (k + 1)-th step that
T, = 00, then function U defined on [1,00) by concatenations of ¢;, j =0,...,k+ 1 is an
extension of u to a piecewise- F y.-solution on [r, 00).

Otherwise, proceeding inductively we will obtain a sequence of maps U; on [7,T,,], j =
0,1,..., and by concatenations we again define a piecewise-FEj .-solution on [r,a), with

a = Z;io T.;- In this latter case it is evident that either a = oo or, if a < oo, a is

accumulation time of singular times 7} := {:0 Ty, 7 €N.
The above construction ensures that the extension of E;.-solution to a piecewise-F1 .-
solution is uniquely defined and hence the proof is complete. Il

3. LINEAR NONAUTONOMOUS PARABOLIC PROBLEMS

In what follows X denotes a Banach space. We will discuss sufficient conditions for

Assumptions in terms of A(t).
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Definition 3.1. The family {A(t) : t € R} of closed operators A(t) : Dx € X — X,
which are defined on the same dense subset Dx of the Banach space X, is locally uniformly
sectorial (of the class LUS(Dx, X) for short) if and only if for each t € R the complex
half plane {\ € C : ReX < 0} is contained in the resolvent set p(A(t)) of A(t) and for any
bounded time interval I C R there exists a certain M > 0 such that

(3.1) [(A = A@®) | £ ReX <0, tel.

M
< —
14|l

If {A(t) : t € R} is of the class LUS(Dx, X) then, for each s € R, —A(s) generates
asymptotically decaying C° analytic semigroup {e=4®)? : ¢ > 0} in X. Actually, for a family
{A(t) : t € R} of the class LUS(Dx, X) we have that Reo(A(s)) > a > 0 and

— S —as — S C —as
lem 4|l < Cem®, 520, ARl < e, 5> 0,

where a, C, Cy > 0 are independent of s > 0 and ¢ in bounded time intervals (see [26, §1.1].
Consequently, fractional powers A%(t) can be defined as the inverse of A=%(¢) : X — R(X),
1 e, 9]
(3.2) ATt = —/ s lemAWsds o > 0.
I'(@) Jo
Also, one can consider the associated fractional power spaces X“(t), a > 0,
(3.3)  X%(t) := D(A%(t)) with the norm |[|¢||xe@ = [|[A%(t)9|x for ¢ € X, a >0,
where for o = 0 we set A°(¢) := Id, X°(t) := X. As in [26, §1.9, (1.56)] we then have
(3.4) [A%(#)e ™D Lix) < cae™ ™57, 5> 0,

where ¢, neither depends on s > 0 nor on ¢ varying on bounded time intervals.
Since A(t) coincides with the inverse of A7(¢), then X' () coincides as a set with Dy for
every t € R. Concerning topologies we have the following result.

Proposition 3.2. If {A(t): t € R} is of the class LUS(Dx, X ) and I C R is such that
(3.5) sup IA) A~ (s)[Lex) < oo,
t,s€

then X1(t) are independent of t, except for norms, which are uniformly equivalent on I.

Proof: Evidently, for the graph norms we have

ollxi = 1AM ]lx = A AT (5)A(s)¢llx < cllA(s)d]lx = clldllxr(), t,s €1 O
If A(t) belongs to a class of operators having locally uniformly bounded purely imaginary

powers, that is if A(t) is a positive operator satisfying

(3.6) Jeso sup | A®(1)]|x) < oo,

s€[—e,€]
then fractional power spaces can be characterized as (see [28], also [5])
(3.7) XU=0at08 — [ xo1), XB(t)]p, 0< B <1, 0<a< B <o
Remark 3.3. It is known that (3.6) holds in many applications (see [, 111, 19, 24, 25, 28] ).

Definition 3.4. We will say that the family of positive operators {A(t) : t € R} is of the
class BIP(X) if and only if, given any t € R, A(t) has the property (3.6)).
15



Corollary 3.5. If {A(t) : t € R} is of the class LUS(Dx, X)NBIP(X) and I C R is such
that (3.5) holds then X%(t), 6 € [0,1], are independent of t € I, except for norms, which are
uniformly equivalent on I.

Following [3], given {A(t) : ¢t € R} of the class LUS(Dx, X), we consider the extrapolated
space X ~1(t) generated by (X, A(t)), where

X7Y(t) is the completion of (X, ||A*(¢) - ||x).

We then extend A(t) to a closed operator in X ~1(¢) (with the same notation).

Whenever ¢, s € R are such that A7!(s)A(t), A7 (t)A(s) : Dx € X — X are bounded
operators, which happens in particular when the domains of the adjoint operators A’(¢) and
A'(s) are the same, then X ~1(¢) coincides with X ~1(s) as for some ¢, c; > 0 we have

allA7 (s)zllx < A7 (2llx < 2 A7 (s)allx, = € X,
(see [4]). This leads to the following counterpart of Proposition [3.2| for extrapolated spaces.

Proposition 3.6. If {A(t) : t € R} is of the class LUS(Dx, X) and A7'(t)A(s) : Dx C
X — X are uniformly bounded for t,s € I; i.e. for the closure A=1(t)A(s) we have

(3.8) sup [[A7H(t) Als)l|cx) < oo,
t,s€

then X~1(t) are independent of t € I except for norms which are uniformly equivalent on I.

Due to [3| Proposition V.1.31], if {A(¢) : t € R} is of the class LUS(Dx, X) then (closed
extension of) A(t) belongs to a class Lis(X, X '(t)) of linear isomorphisms from X into
X~(t). Furthermore, {\ € C: ReX < 0} C p(A(t)) and given any bounded time interval I

(3.9) I = A®) o109y € e BeA< 0, tET

M
T+
for some M > 0. Letting Y(¢) = X'(¢) and applying one can associate with
(Y(t), A(t)) the fractional power scale {Y*(t) : & > 0} and consider, as in [3], p. 266],

(3.10) Xt) =Y t), a € [~1,00),
which is the extrapolated fractional power scale of order 1 generated by (X, A(?)).

Corollary 3.7. If {A(t) : t € R} is of the class LUS(Dx, X) NBIP(X) and I C R is such
that (3.5)), (3.8) hold, then for each 6 € [—1,1] spaces YO*1(t) = X9(t) are independent of
t € I, except for norms, which are uniformly equivalent on I; that is for every 6 € [—1,1]
10llxew) < cllllxoes), st €1,
for some ¢ > 0 and every ¢ from the set X°(t) = X%(s).
Given ty € R, ag € [0,1) and letting g := 1 — g we next define
(B11)  BamY™(g), |- llm = [A%(t0) - vy @ € [0,1+ o]

Lemma 3.8. Suppose that {A(t) : t € R} is of the class LUS(Dx, X)NBIP(X), conditions
(13.5), (3.8) hold on each bounded time interval I C R and {E.,a € [0,1 4 uo]} is defined as
in (3.11)), where pgy is a strictly positive number. Then,
i) {A(t) : t € R} is of the class LUS(Dg,, Ey) with Dg, = Ey,
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i) for any bounded time interval I C R and o € [0,1+ ug| there exist constants ¢, , " > 0
such for each t,s € I we have

(3.12) Iolle, < "[[A7()0lle, < cllA7(s)¢llE, < N9z, ¢ € Es.

Proof: Recall that {Y*(t) : @ > 0} is the fractional power scale generated by (Y (), A(%)).
Hence (realization of) A(t) can be viewed as a closed densely defined operator in Y*°(¢) with
the domain Y**1(¢). The resolvent set of A(t) in this setting will still contain {\ € C :

ReX < 0} and for each bounded time interval I there will be a constant M > 0 such that
M
(3.13) 1AL = A(t)) ™ dllyeoq) < T Iolveow, BeA<O, tel, ¢ €Y ()

Part i) is thus a consequence of Corollary and (3.9).

Concerning part ii) we first observe that, due to Corollary , if ¢ € E7 then ¢ belongs
to each of the sets Y720 (¢), Y7T20(s) as these sets coincide for t,s € R and A7(t)p, A7(s)o
are the elements of E° = Y (ty). Actually A?(t), A?(s) are one-to-one from E, onto Ej.

Given a bounded time interval I C R we can thus use equivalence of norms stated in
Corollary to get, for some constants ¢, ¢, ¢ depending on I but not on t,s € I, that

A7 ()9l 5, = A7 () Bllyeo (o) < €l|A7({#)@llyeo(ry = €ll@llyotay < El|@llyoran(s)
= ¢[|A7(8)@lyeo(s) < el|A7(8)Dlyao(ry) = €l|A7(3)@]| g,
whenever t,s € I. Similarly, using again the equivalence of norms, we also have
112, = [[llyorao(te) < Ell@llyoraoy = E[A7(E)Dllyaowy < El|AT(#)@llvoo(ty) = EllA7(#) P 5,

147 (s)0ll By = |A7(5)¢lly oo (1) < EllA7(5)0llyo0(s) = Ell@llyoreois) < Elldllyrteo(r) = Ell¢ll 2,
which proves ii). O

Corollary 3.9. Under the assumptions of Lemma |3.§ we have that for any bounded time
interval I C R and o € [0, 1+ po] there exists a constant ¢ > 0 such that
(3.14) |A7(t)A™7(5)|| L(me) < ¢ for each t,s € 1.

Proof: 1t suffices to note that A?(t), A%(s) are one-to-one from E, onto E, and use (3.12)). O
We will next assume that {A(t) : t € R} is of the class LUS(Dx, X) and, in addition,

(315)  Juewn Yrso oso Viserry IIA() = A@)A™ ($)]|o0x) < Clt — 7~
Following [3, 15, 20}, 23], 26], we will consider in X a nonautonomous linear problem
(3.16) w(t) + At)u(t) =0, t >7, u(r) = u,.

Recall that a continuous function [1,00) 3 t — u(t) € Ey is a classical solution of (3.16)) if it

is continuously differentiable in (7, 00), u(t) € Dx for each t > 7 and u satisfies (3.16)). Recall

also that a two parameter family {U(t,7) : (t,7) € R?, t > 7} of maps U(t,7) : Ey — Ey

is a continuous process in Ey provided that U(r,7) = Id, U(t,o)U(o,7) = U(t,7) for

t>oc>7eRand {(t,s) eR*:t > s} xV 3 (t,7,v) = U(t,7)v € Ep is a continuous map.
The following result is known (see [I5], §2] for the proof).

Proposition 3.10. If {A(t) : ¢t € R} is of the class LUS(Dx, X) and (3.15) holds then,

there ezists a continuous process {U(t,7): t > 7 € R} C L(X) in X such that given 7 € R
and u, € X, the map [1,00) 2t — u(t) = U(t,7)u, € X is a classical solution of (3.16)).

To describe smoothing properties of the process we state the following result.
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Proposition 3.11. Under the assumptions of Proposition[3.10 for each bounded time inter-

val I = [=T,T] there is a positive constant N such that with p as in (3.15) we have

(3.17) AUt A (T)|lpey SN(t—7)7, 0<(<o<l+p -T<7<t<T
For the proof of (3.17) we refer the reader to [26] (see also [15, Theorem 2.2]). To obtain

another smoothing property we will need the following additional assumption:

(3.18) Vitpse>0 Y150 Jes0 Virel-11] ||A§( )A_g( e < e

Proposition 3.12. If {A(t) : ¢ € R} is of the class LUS(Dx, X) and (B.15)) holds then

(3.19)  Vrs0 V izcson0 Inso Vor<r<i<r [|[A7()[U(t, ) — 1d]A™ C( o < N(E—7)°.

1>(—0>6>0

Actually, if also 1s satisfied then
(320) VT>0 VI+T;EEG>O E|N>0 v_Tg-,-gth HAU (t) [U(t, T) — Id]A_C(T) HL(X) < N(t — T)C_U.

Proof: From [26, (1.53)] we infer that
Ut 1A () = A0 + [ INOLAG) — AU (5, A (s
We next rewrite A?(¢)[U(t,7) — IdJA™(7) aTs a sum J; + Jo, where
Jp = A°(1)[e®7AY — [dJA=S(7) and ngi/iAU@ﬁﬂ_ﬂAmL4@)—u4@ﬂL“SJﬂA_%TﬁB.

From ({3.15]) we obtain that (3.5)) holds on any bounded time interval I C R. Hence, under
the assumptions that {A(t) : ¢t € R} is of the class LUS(Dx, X) and (3.15)) holds, one
obtains as in [26, §1.9, (1.59)] that

(3.21) Vizese20 V>0 Jeso Vire—7,m) ||A£(t)A7C(T)HL(X) S

Ifl1>¢>0c>0and 0 < d < (—o0 < 1 then applying [21, Theorem 1.4.3] we can
estimate ||Jyv||x for every v € X by se1-5(t — 7)°|| AT (£) A~ (7)v||x, which via (3.21)) can
be bounded on [T, T] by scci_s(t —7)°||v]|x.

fl14+p>¢ >0 >0 and holds, then choosing & = ¢ — o and applying [21
mWWMAmm%mmumﬂxm&mvexmﬁqprmﬁﬂomq)M:
C_Lacl,cﬂr(t — 1) || AS(t) A= (7)v]| x, which due to ( can be next estimated on [T, T
by s cci—cia(t = 1) |v] x.

Consequently, not assuming we obtain that ||J1||r(x) < %ccl_g(t—T)‘;, 0<d<(—o,
whereas assuming HJ1||L(X) A _cio(t —T)¢77.

The integral Jy is equal to f A" e(t DAD[(A(s) — A(t))A~Y(s)]A(s)U (s, 7)A(7)ds
et by G20, (T3 we e 1471 AL AO)A 0l < s~ )
Note that if 0 < ¢ < 1 we obtain from ) that [|A(s)U (s, 7)A ()|l nx) < e(s — 7)1,
whereas if 1+ > ¢ > 1, then A(s)U(s, T)A C( )= A(s)U(s,7) A1) A¢(7) and

IAG)U (5, T)A™ (D) |y < AU (5, AT (1) 1A ) < e
as in this case A'~¢(7) = A= V(1) = (C ) Jo7 s¢7%e~4M%ds is a bounded operator and
A<l < gy [ e eds = Cat<
0

SIr(¢—-1
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Since t, 7 vary in a bounded interval we thus infer that for 0 < ( <1
t
1 2l£ex) < 5/ (t—s)'"(s —7) s <t — )" "B+ p—0,0)

=Bl +p—0o,O)t -1t —7)" <e(t—1)°77,
whereas for 1 +p > (¢ > 1

t
(| 2| pxa)y < é/ (t—8)7ds = ¢(t — )" = ¢(t — )t — 7)) L et — 7).

Combining the above estimates we get the result. Il

Theorem 3.13. Suppose that {A(t) : t € R} is of the class LUS(Dx,X) N BIP(X),
conditions (3.5)), (3.8) hold on each bounded time interval I C R and {E,,a € [0,1 + pol}
is defined as in (3.11)). Suppose furthermore that

(322)  Sucoso) Yrso Joso Varseior) [(A() = A)A™(S) e < Clt — 7"

Under these assumptions:
i) there exists a continuous process {U(t,7) : t > 7 € R} C L(Ey) defined by in
Ey such that given 7 € R and u, € Ey, the map [1,00) >t — u(t) = U(t,7)u, € E® is a
classical solution of ; furthermore,
i) U)oy S Mt —7)7,0<(<o<1l+p -T<7<t<T, and
ii) |U(t, 7)—=1d|| ypepy S ME=7), 14p>(>020,12(-0>0, -T<7<t<T,
where constant M in ii)-ii1i) can depend on (,o0,T but does not depend on t, 7 € [=T,T].

Proof: Due to Lemma [3.8 we obtain that {A(¢) : t € R} is of the class LUS(Dg,, Ey) with
Dg, = E;. From this and we obtain i) applying Proposition with X = Fj.

From Proposition (applied with X = Ej), for each bounded time interval I C R there
is then a positive constant N such that

(3.23) AU, A () lxy KNE-T)7, 0<(<o<1+pu, tel
Since AS(7) is one-to-one from E, onto Ej, (3.23) can be rewritten equivalently as
(3.24) [A7(OU (¢, 7)ol my < N(t = 1) A (7)o, ¢ € E,

and by (3.12) also as ||[U(t,7)d|g, < M(t — 1) 7||¢||5., ¢ € E¢, which gives ii).
Finally, by Corollary |3.9{ we can use Proposition with X = Ej and obtain from (|3.20))

(325) VT>Q V1+T;§zg>o E|N>0 V_Tngth ||14(7 (t) [U(t, 7') — ]d]A_C(T) ||L(E0) < N(t — T)C_U.

Inequality in (3.25]) can be rewritten equivalently as
|ATO[U (¢, 7) = 1d]¢ll g, < N(t = 7) 7| A7)l myr ¢ € Ex,
and by (3.12)) also as ||[U(t,7) — Id]¢||p, < M(t—7)7||¢|lg.. ¢ € E¢, which gives iii). O
Note that condition (3.22)) can be expressed equivalently as in the proposition below.

Proposition 3.14. Suppose {A(t) : t € R} is of the class LUS(Dx, X) N BIP(X), (3.5),
(3-8) hold on each bounded time interval I C R and {E,,a € [0,1+ po]} is as in (3.11)).
Then (3.22) is equivalent to

(3.26) A() e Ot

loc

(R7 L<E1, EO))
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Proof: For any bounded time interval I C R condition ((3.22)) implies that
1(A(t) = A(T)¢llg, < Clt — 71| A(s)0l|, and [|A(E)] g, < cl|A(s)9]| 5,

whenever t,7,s € I, ¢ € Dg,. Due to we then have ||(A(t) — A(7))||z, < C|t —
T*||¢||p, for t,7 € I, which proves that A(-) € C*(I,L(Ey, Ep)). On the other hand,
if A() € C’l’éc(I, L(Ey, Ep)) then, given a bounded time interval I, we have that A(-) €
CH(1,L(Ey, Ep)). Combining this with we obtain [[(A(t) — A(T))Y|lg, < CJt —
T g < Clt — 7| A()Y | gy, 7,5 € I, ¥ € Ey. Letting ¢ = A~ (s)) we get (3:22). O

Under the assumptions of Theorem both Theorems and apply provided that
the required assumption on F' holds. In applications we often have some vy € (0, 1) such

that for each bounded time interval I C R and B bounded in F;,. there is ¢ > 0 such that
(3.27) [F(t,v) = F(s,w)llg, < e[t = s +[lo—wlg..), t,s €1, v,we B.
Then F4,.-solution will have the properties of a classical solution; see Proposition |3.15|

Proposition 3.15. Suppose {A(t) : t € R} is of the class LUS(Dx, X) N BIP(X), (3.5
(B-8) hold on each bounded time interval I C R and {E,,a € [0,1+ ugl} is as in q&
Assume also and that F is of the class L(g, p,(g),n, Cy) relative to {Eq, a €
0,1+ )}

Then {A(t) : t € R} is of the class LUS(Dg,, Ey) with Dg, = Ey and Theorems
apply. The unique E\,.-solution, u = u(-, 7, u,), is of the class C*((7, 7+ )], Eo), u(t) € Dg,
fort € (1,7 4 0] and u(t) + A(t)u(t) = F(t,u(t)) for each t € (1,7 + dg].

Proof: By Theorem [3.13] we know that Theorems[I.7 and [1.6|apply. Hence there is the unique
B .-solution of (L.1)), u = u(-,7,u,) and u € C},.((0,T,,), E14.) for some v € (0,1). The
latter property and (3.27) yield that F(-,u(-)) € C7.((0,T,.), Ey) for 0 = min{vy, v}. The

result now follows as in [23, §5.7, Theorem 7.1] and [15], §2.3]). O

-

Remark 3.16. Under assumptions of Proposition following [30, Theorem 3.10] and
letting FY7 (1,7 + &, Eo) as in [30, p. 5] we have for Ey.-solution u = u(-,7,u,) of (1.1

ACu() € (7 + 6], ), ul) € Fo(rym+ ], By).

4. APPLICATIONS

In what follows we show how the abstract results apply in sample problems.

4.1. Nonautonomous wave equation with structural damping. In this example, fol-
lowing [16], 1], 13, [12], we consider the initial boundary value problem of the form:

(4.1) Uy + ) (=A) 2wy + vuy + (—A)u = f(t,u), t>0, z€Q,
' w(0,z) = up(x), v € Q u(0,2) =vo(x), x € Q, wu(t,x) =0, t >0, z €0,

where (ug, vo) € Ha(Q) x L*(Q) and —A is the negative Dirichlet Laplacian in L?(R").
Assumption 4.1. Suppose Q is a bounded smooth domain in RN, N >3, v > 0 and

(4.2) € Ot (R, (0,00)) for some p1 € (0,1],
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We remark that due to (4.2)), given any bounded time interval I C R, there are constants
K1, ke > 0, such that n(t) € [k, ko] for each t € I. Letting v = @ we rewrite (4.1]) in the form

d u
(4.3) Sl AQ R =FE ), t>0,  [Bl, =[],
where A(t) and F(t,[%]) can be viewed in matrix form as
0 -1 "
(4.4) Aty =[N oCani] s F@1ED) =[]

and f¢ denotes a Nemitskii operator associated with f.

We set in this example X = H}(Q)x L*(Q), Dx = (H*(Q)NH; () x H}(Q) and, referring
to [14l proof of Lemma 1 iii)] and [I1, Proposition 1], we conclude that {A(t) : t € R} is of
the class LUS(Dx, X) N BZP(X). Furthermore, for any ¢,s € R we obtain

-1y — | © -1 (AT 4u(—A)" (—A)t | — I 0
A)A™(s) = [—A n(t)(—A)%—&-le} [n( : )_21+( S 0) } - [(n(s)—n( 1 }’

0 -1

—I 0 —A nt)(=A)b4vl

AN (s)A(t) = [’7“)(—”%“(—@“ (—AW] [ } = [é (n()=n()(=8)

Nl
|

Consequently, for any bounded time interval I C R, we have

¢

-1 o
(45)  swp JAOAT () =sup swp [

| < @+2n),
b€l B8 ]ix=1

- 1
(4.6) su% |A=L(s)A(t)||r(x) = su;; sup || ¢+(n(8)—n(£}))(—A) 21/;} Ix < (1+ 2k),
b Bl [0 ]ix=1

which are counterparts of (3.5) and (3.8]).
Let {Z% a > —1} be the extrapolated fractional power scale generated by (L?(Q2), —A).

As in (3.11)), choosing oy = 0, we define the spaces E,, o € [0,2]. Due to [11, Theorem 2]:
(4.7) B, =Yt () =25 x Z°2, a€l0,2].

By [B], Z7*(t), a € (0,1), is viewed as completion of (L*(Q2), [|[(=A)™ - [|r2().
With this set-up we now prove that

(4.8)  A() € C! (R,L(Ey, Ey)) with By = Hy () x L*(Q) and Ey = L*(Q) x H (),

loc

where p is as in (4.2)). Indeed, given ¢,s € [T, T] we immediately have

sup  [|[A(6) — A()] [4] s = sup NIV
IHIS ) ||[§Z]||E1=1H[[n() wi-otel
=[nt)—n(s)| sup [I(=A)7p] 4 <cft — 5|
1[4 1 =1

Due to Proposition [3.14] (4.8) is equivalent with (3.22) and we can apply Theorem

Proposition 4.2. Suppose that Assumption holds and let E, = Z% x 7% for a €
0,14 p), where p is as in (4.2).
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Then there exists a continuous process {U(t,7) : (t,7) € R*:t > 7 € R} C L(Ey) associ-
ated in Ey = L*(Q) x Hy' () with
d u 0 -1 u u Ur
(4.9) EE“]+[—A () (= A)%M][U]::o,wo, (e, =[],
and {U(t,7) : (t,7) € R%,t > 7 € R} enjoys the smoothing properties (1.2), (L.3).

Remark 4.3. Besides we also have that A(-) € C! (R, L(Es, Ey)) with Ey = H*(2) N
H}(Q) x H} (), E; = H&(Q) X L*(Q) as whenever t,s € [-T,T] (4.2)) yields

0
s A0 = A e = s | [mncat] [,
1] 1e=1 1[§] 1=
= [n(t) =n(s)]  sup  [[(=A)2¢]z0 < cft —s]".
1[4 ]1z,=1
Assuming N > 3 we now define a number

_ N+2

Pec = N _ 9o’

which in this example plays a role of a critical exponent for initial data in Hj(2) x L?(€2).

Remark 4.4. To keep the notation short let us adapt throughout the rest of the paper the
Landau symbols O(p), o(e). Namely we will write that h(t,z,s) = O(p(s)) if, given a
bounded time interval I C R, |h(t,z,s)| < c|lp(s)| for some constant ¢ > 0, which does not
depend on s € R, x € Q and t € I. We will also write that h(t,z,s) = o(p(s)) if, given a

bounded time interval I C R, limg_ o W = 0 uniformly with respect to x € QL andt € I.

Proposition 4.5. Suppose that N > 3, f € C(R?,R) has partial derivative f! € C(RxR,R)
and E, = 7% x 7°7 e for a € (0,14 p), where p is as in .

i) If fl(t,s) = O(c,+n|s|~t) for somen >0 and p € (1, p.), then the map F(t,[%]) in
is of the class L(e, p,v(e),n, Cy) relative to {E,, o € 0,1+ p)} and is subcritical.

i) If fi(t,s) = O(c, +n|s|~t) for some n > 0 and i) does not apply, then the map F(t,[%])
in is of the class L(e, p,y(¢),n, Cy) relative to {E,, o € [0,1+ p)} and is critical.

wi) If fi(t,s) = o(|s|’™1) and i) does not apply, then F(t,[%]) in is of the class
L(e, p,v(e),n, Cy) relative to {Eq, o € 0,1+ p)} and is almost critical.

Proof: Parts i)-ii) follow similarly as [I1, Lemma 3 and Corollary 2|. Also iii) can be proved
analogously as in [I3] Lemma 3.1 and Corollary 3.1]. We thus omit the details. U

Corollary 4.6. Suppose that Assumption holds and let E,, = Z% x 7% fora € [0,14pu),
where [ 18 as in . Suppose also that the assumptions of Proposition are satisfied; in
particular that fi(t,s) = O(c, + n|s|>~!) for some n > 0.

Then Theorem m applies and, given any 7 € R, [47] € H(Q) x L*(Q), the abstract

counterpart ([4.3)-(4.4) of [.1)) has the unique By .-solution [4] = [%] (-,7,[%7]) defined on
the mazimal mterval of existence [1,T,. »,).

With additional assumption on f there will be functional £ decreasing along 4] (¢, 7, [ ])

w1i 1 1 l o w1
(10)  L((8]) = 5luslag + 5l(-A zwlan - [ st 11 e B



Lemma 4.7. Suppose that f does not depend on t; that is f = f(u).

Then L in (4.10)) takes bounded subsets of Ey into bounded subsets of R and, given Ey. .-
solution [3] of (4.3)) on the interval I., L ([4]) is nonincreasing fort € .

If

(4.11) limsupm < Ay,

|s| =00 S

where \y is the first positive eigenvalue of the negative Dirichlet Laplacian in L*(Y), then L
s also bounded from below and for some constants dy,ds > 0,

(4.12) 1517 [0 Dl g, < L([57]) + do.
Proof: Multiplying the first equation in (4.1)) by v = u;, we have

d 1
%(ﬁ ([1)) = =@ (=A)3v[| 72y — vlIvlZ2(q) <O,

which yields that £([%]) < £([%7]) as long as the solution exists. On the other hand, using
(4.11]), we obtain for any § > 0 small enough that — fQ Owl f(s)dsdz is bounded from below

by _¥Hw1”%2(9) — N;|Q| for some N5 > 0. Consequently

(4.13)

w 6 1 1 w
L([w:]) 2 2—A1H(—A)2wl\lia(m + 5 llwallze@ = NslQ, 2] € By,

and the result follows easily. This proves for smooth solutions, e.g. for solutions with

smooth initial data which can be obtained within [26, Theorem 7] due to Remark [1.3] With

(L.14)p—o (see Remark[1.9iii)) it then extends to E}.-solutions and the proof is complete. [J
Theorem [1.10| now leads to the following conclusion.

Corollary 4.8. Suppose that Assumptz’on holds and assume that f € CY(R,R) does not
depend on time variable, (4.11)) is satisfied and f.(s) = o(|s|’*™'). Then, given T € R and
[v7] € Ey = H}(Q) x L3(), there exists the unique global Ey..-solution of (4.1)).

Suppose finally that we have f/(s) = O(1 + |s|”>~!) but not f’(s) = o(|s|**"!). Note that
(1.19) is rather uneasy to verify as an Fj,.-estimate can hardly be derived. Nonetheless,
since we know (4.12)) and, in addition,

(—A) 720 + (v + v(=A) 70 + (—A)7u = (—=A) 72 f(u),

we infer that u € WH((0, T, o, ), L*(Q)), & € WH((0, T, o, ), H'(2)) whenever T, ,, < 00
and the map [0,T,. ., )2t — ZEEZ:::; € FEy = L*(Q) x H71(Q) is uniformly continuous

(see [10, Theorem 1.2.2]). Thus (|1.26)-(1.27) hold and Theorem applies.

Corollary 4.9. Suppose that Assumption holds, f € C*(R,R) does not depend on time
variable, fl(s) = O(1 + |s|=™') and is satisfied.

Whenever T € R, [T ] € Ey are such that T,,, ., is finite, there exist a € (1), »,, 00| and
an extension U : [1,a) — Ey of mazimally defined E.-solution of such that U is a

piecewise-Ey .-solution on [T,a) and a = oo or a is an accumulation time of singular times.
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4.2. Nonautonomous parabolic problems. Given

(4.14) Alt) = (=1)" Y a,(t,x)D7, t€R, z € Q,
lo|<2m
(4.15) B; = bl (z)D’, where j=1,...,m, m; € {0,1,...,2m — 1}, = € 99,
lo|<m;

and adapting the notion of a regular parabolic initial boundary value problem we say that
{(A(t),{B;},Q,09), t € R} is of the class RPZBVP of regular parabolic initial boundary
value problems of order 2m if (A(t),{B;}, 2, 08, a) is a strongly a-regular elliptic boundary
value problem of class C° and order 2m for every ¢t € R as in [7, p. 655] and, in addition,

there exists p € (0, 1] such that for each bounded time interval I C R

and for any |o| <2m map I3t — a(t,-) € C(Q,R) is of the class

4.16 _
(4.16) CH(1,C(2,R)); in addition, whenever |o| = 2m, modulus of continuity

of the maps Q> x — a,(t,7) € R can be chosen uniformly for ¢ € I.

We will next consider spaces H(€2) as in [28]. For p = 2 they are Hilbert spaces and will
be denoted by H*(Q2). Following [28] we also define

Hy 5,y () = {0 € Hy() : VYie() i1} Bidlo = 0}
Assuming that {(A(t), {B;}, Q,09), t € R} is of the class RPZBVP we have the estimate

(4.17) el azm) < MA@l + lell@), » € Hy sy (), tel,

where I C R is arbitrarily chosen bounded time interval. We emphasize that ¢* > 0 actually

depends on Q, m, N, p, o, moduli of continuity of the top order coefficients of A(t) with

t € I, coefficients of boundary operators B; and certain constants related to the notion of

a-regular elliptic boundary value problem which are specified in [7, Theorems 12.1] (see also

[T, 2]). Thus the constant ¢* in (4.17)) is independent of ¢ in a bounded time interval I C R.
We remark that, due to (4.14)), (4.16) and properties of H2™(£2)-norm we also have

(4.18) JA®) @l o) < cllpllmm@), ¢ € HF™(Q), tel,

where ¢, depends on 2, m and L>=(I,C(, R))-norms of coefficients of A(t).
With the above set-up we consider the 2m-th order problem

(4 19) tet (—1)7” Z|§|7\C|<m Dc(af,C(t’I)Dgu) = f(t,x,u), t>0,z€QC RN?
' Bou=...=Bp,_1u=0,t>0, 2€9Q, u(0,z)=uy(x), €l

Letting
Altyu = (=)™ > D(ag(t, x)Du)
€],[¢l<m
we summarize conditions on (4.19).

Assumption 4.10. N > 2m, Q C RY is a bounded C*™-domain, the coefficients ag ¢(t,-) €
C™(Q,R) (I&] < m,[¢| < m) of A(t) are such that the maps I >t — DPag((t,-) € C(Q,R)
(18] < m) belong to the class C*(I,C(,R)) and after rewriting A(t) in the form (4.14]) we

have that {(A(t), {B,},Q,09Q), t € R} is of the class RPIBVP.
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Assumption 4.11. A(t), t € R, are selfadjoint operators in L*(2) bounded from below
uniformly for t in bounded time intervals I C R; that 1s,

(4.20) (At)g, o) r2() = sullOll 2y,
where s, > 0 can depend on I but not ont € I.
Proposition 4.12. Suppose that Assumptions hold and

Eo = (H{5,(Q)), a=0,  Ea=([L*(Q), HF,( Q)" a€(0,1),

(4.21) By = I12(Q), a =1, Eo = [L*(), H{E ,(Dac1, a € (1,14 p).

Then there ezists a continuous process associated in Fg = (H{Zg”}(Q))’ with
(4.22) u+A()u=0, t >0, r € QCRY,
' Bou=...=Bp u=0,t>0, v€d, u0,z)=uyec L*N),

and possessing smoothing properties (1.2)), (1.3)).

Proof: We will ensure that Theorem applies with X = L?(Q2) and F, = (H{ZE}(Q))’

Note that, proceeding as in [I7, Proposition 1.3.3], we get [[(A — A(t))¢||lx = 27 2|\ — s,
whenever ¢ € H{B 1(€2), ¢ € I, Re(A) < s,. From this we conclude that {A(?) : t € R} is
of the class LUS(Dx, X). On the other hand, since purely imaginary powers are unitary
operators, we also have that {A(¢) : t € R} is of the class BZP(X).

We now fix a bounded time interval I C R and concentrate on points ¢ € I. Using ,
Schwartz’s inequality and we get with s, as in ({4.20))

(4.23) lellzzm@) < (1 + s DIIAWG)llL20), » € H{zy(Q), t €I

Next, to obtain (3.5)), we apply (4.18) with p = 2, o = A7Y(s)y, ¥ € L*(Q), and use
([4.23) with t = s and ¢ = A7!(s)9 to conclude that

JAM A () 200 < el A7 (Wbl < coc” (1 + 5Tl ¥ € LA(Q), ts € 1.

In the proof of (3.8) we adapt the idea of [4, Remark 6.6 (c)]. Since from above we have
supy ez [[A(s) AT ()| Lz2()) < N, using this and selfadjointness of the operators we get

(¢, AN A()¥) 12| < N0l 2y [¥]l 2 & € LAH(Q), ¥ € HEEL(Q), t,s € 1.

This ensures that the set {A™ (¢)A(s)y : t,s € 1,9 € Hfg‘}( ), [¥]| L2y < 1} is bounded

in L?(Q2) and hence |[A=(t)A(s)||r(r2(0)) < & where € > 0 does not depend on t,s € 1.
Letting ap = 0, we define next spaces E,, a € [0,1 + po] = [0,2] as in (3.11]), which are
characterized here as in (4.21]). To ensure that

(4.24) A eCy

loc

(R, L(Ey, Ep)) with Ey = L*(Q) and Ey = (H{,(2))'
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s oberve (A(0) = Aol @ = 91015 o1y AW) ~ AW for 15 € B
¢ € L*(RY). Hence, for t,s in a bounded time 1nterval I C R, using (4.14), (4.16) we get

sup |[[A(t) — A(5)]¢]l 2 = sup | [ O(A(t) — Als))Y]

H¢”E1:1 L2(Q):1 ”wHH%ng}(Q)zl Q
< s s 3 el ) - anls, Mool Dl < dlt — P
e P @ fol<2m
We can now apply Theorem [3.13] to get the result. O

Remark 4.13. Besides (4.24) we also have A(-) € C}. (R, L(Es, Ey)) with Ey = H{zg}(Q)

Ey = L*(Q) as by (4.16)), whenever ¢ € Ey and s,t vary in a bounded time interval I C RY,
1(A@) = A(s))0ll By < llag(t,-) — Me@ Y 1D70s <[t = sl"(19]ls..

lo|<2m

We now consider a nonlinear term, where we use the Landau symbols O(p), o(p) as in
Remark [4.4] For (£.19) with initial data in L?(2) a role of a critical exponent is played by

N +4m
Pe="N
Proposition 4.14. Assume f, f: € C(RVNT2 R), let E,, a € [0,1 + p), be as in and
(4.25) N > 4m.

i) If fi(t,z,s) = O(c, + n|s|P~t) for somen > 0 and p € (1,p.), then the map F(t,u) in
is of the class L(e, p,v(€),n, Cy) relative to {Ey, a0 € (0,14 p)} and is subcritical.
i) If fL(t, x, 8) = O(c, +n|s|P™t) for somen > 0 and i) does not apply, then the map F(t,u)
in is of the class L(e, p,v(€),n, Cy) relative to {E,, o € [0,1+ p)} and is critical.
i) If fi(t,z,s) = o(|s|**™') and i) does not apply, then F(t,u) in is of the class
L(e, p,y(e),n, Cy) relative to {E,, o € 0,1+ p)} and is almost critical.

Furthermore,
w) parts i), 1) and i) above hold with € > 0 as small as we wish. Actually, whenever t
varies i a bounded time interval I C R, there exists a certain ¢ > 0 such that

(4.26) 1, @)l < B, ¢ € EL

Proof: Note that restricting time variable ¢ to a bounded time interval I one needs to show
that there are constants ¢ > 0, €}, > 0 and ¢ € (0, %), e < p1, pe < ¥(g) < 1 such that

(4.27) ||F(t,0) = F(tw)lle, ., < cllv = wle.. (C+allvlf,, +allwllz].), v.w e Bue.

El+s

We now describe admissible triples (p, €, v(¢)) for which (4.27)) holds and prove that the map
F is indeed critical for p = p. whilst it is subcritical for p € (1, p..).
Observe that due to (4.21]) we have
N N
Eic — L¥(Q), e €[0,p1), 2me — B} > ——, 5>2,
s
2N
N +4m(1 —~(e))
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B, < L7(9), v(e) € [0,1), <o<2, 0>1,



where WJLV(E)) > 1 provided that y(g) > 4TZ =7 >0.

By (4.28) [|[F(t,v) — F(t,w)||g,, is bounded by ¢||F(t,v) — F(t, w)|| oN and,

[ N+4m(1—~(¢)) (Q)

whenever f(t,z,s) = O(c, + n|s|’~!), we have

1F(t,0) — F(t,w)l|e... < élllo—wl(e, + o]t + nlwl)|

2N .
() LNFm(1=7() (Q)

N+4m(1—v(e)) 1 N+4m(1—~(¢))
N—4me 4= dm(1—~(e)+e) ?

embedding H*™¢(Q)) — L¥ 2z (), and assuming that

Applying next Holder’s inequality with ¢ = recalling the

N(p—1)

(4.29) H?™e(Q) s LEnt-079 (),
we obtain

1E(t,v) = F(t,w)||g, ., < éllv—wl gy llen +all”™ + nlwlP

LN- 4ms Lm(g)

-1
< cllv = wllg, (Cy +llvllE,. + 77||w||E1+5)7 v,w € By,

EH—E
where (4.29) requires that

(4.30) 5= (4me — N)(p—1) +4m(1l +¢) > (e) > 2m(l+¢e)—N(p—1) _

4dm

- LY.
We remark that 7 > 4 and that for p € (1,1 + %”] and € > 0 we have 7 > v and 7 > ep.

_ . N(p—1)
We also have 1 >7 if £ € (0, Z5-).

The above ensures that any triple (p, e, v(€)), where p € (1, 1+22], & € (0, min{y, iﬁwl)})
and () € [pe,7] N [max{0,7},7] N (7,7] =: Z(e) is admissible.

For any admissible triple (p,e,~(g)) (4.30) implies p < Mﬁ;ﬁ'zﬂs), and since y(e) > pe
we have p < Mﬁ@—w, which holds if and only if p < ¥ = p.. Thus p = p. cannot

be attained for any 7(e) > p.£ and therefore p = p,. necess1tates v(e) = €p.. Note that
Ypp, = €Pc; that is for p = p. we have Z(¢) = {ep.}. This completes the proof of i)-ii).
Note that having |f'(t,z,s)| < O(c, + n|s|=~!) for each n > 0 we obtain for any
n > 0, which leads to iii).
Describing admissible triples we have already ensured that € > 0 can be chosen arbitrarily
close to zero. Actually we also have

HF(t?U) - F(t70)||E0 < é”F(tvU) - F(t70)

~ -1
<éllvl ey + nlol I, g o

2N
LNF4m (Q)
which leads to (4.26) as L*(2) < L¥+ (Q) for p € (1, p). O

Remark 4.15. Note that not assuming in Proposition we may not have )-iii)
satisfied for e > 0 arbitrarily small as stated in iv) (see [18, §3.1] for a similar proof).

Corollary 4.16. Suppose that Assumptions u - 1| hold and spaces Ea, a € 0,1+ p),
are as in - Suppose also that the asssumptions of Proposition are satisfied; in
particular that fl(t,x,s) = O(c, + n|s|P<~t) for some n > 0. Then Theorem applies and,
hence, given any T € R, u, € L*(Q), the initial boundary value problem (4.19)) has the unique
Eyyc-solution u = u(-, 7,u,) defined on the maximal interval of existence [1,T,.).

We will now derive an L?(Q)-estimate of the solutions.
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Lemma 4.17. Suppose that
(4.31) sf(t,z,s) < C(t,x)s* + D(t,7), t € R, v € Q,
for some C € L (R x RN R) and D € L} (R, L}(Q)).

loc

IfT€R, u, € L*(Q), T € (1,00) and Ey .-solution u of ([4.19) exists for t € [1,T) then
(4.32) lult, 7, ur)Z2@ny < 9(7, lurllLa), T), t € [7,7),
where g : R x [0,00) X (0,00) — [0,00) is a certain continuous function.

Proof: We restrict here time variable to [, T"), which allows us to choose the constant s, such
that (4.20 holds uniformly for t € [7,T). We also define C* := sup, ,ye(r1yx0 2|C (¢, 7)|.
From (4.19), and (4.31]) we obtain for any A € (0, s,) the estimate of the form
1 d .
2dtnu( Waiey + (5. = C)ult) ey < 100 s, 1 € [r.T).

Solving the above inequality we get

t
Hu(t)l\%z(m < e |72 gy +2/ 1D (s, )| pae 2= ds, ¢ € [, 7).

This proves (4.32) for smooth solutions, e.g. for solutions with smooth initial data which can
be obtained Wlthln [26, Theorem 7] due to Remark [£.13] With (L.14)p—y (see Remark [1 -
iii)) it then extends to Fj.-solutions, which completes the proof.

Theorem [1.10| now implies the following result.

Corollary 4.18. Suppose that the assumptions of Corollary[4.16 and Lemmal[{.17 hold.
If fi(t,z,s) = o(|s|’=™1) then, given any T € R and u, € L*(Q), the unique Fy .-solution
of (4.19)) exists globally in time.

Proof: With maximal time of existence T,,, < oo we would have supy, 1, [[u(t, 7, u;)|[L2@y) <
0o (see Lemma[4.17) and Theorem i) with E; = L*(Q) would lead to contradiction. O

In the critical case p = p. some better estimate of the solutions can be sometimes obtained
if additional conditions are imposed on . For example, in the autonomous case, H'(£2)-
estimate can be found as in [29]. Also, if m = 1 and maximum principle applies then L>°(2)-
estimate may be known. However, without any such specific assumption, one can hardly find
for the estimate of the solutions in Ej,.-norm needed to apply . On the other
hand, Theorem will yield the existence of a piecewise-F .-solution on some larger time
interval than the maximal interval of existence of Fi,.-solution.

Lemma 4.19. Suppose that the assumptions of Corollary[{.16 and Lemmal{.17 are satisfied.
IfTeR, u, € By = L*Q) and T,,, < oo, the map [1,T,.) >t — u(t) € Fy = (H?g}(ﬂ))’
where u is Ey.-solution of (4.19), is uniformly continuous.

Proof: From (4.19) we infer that
||Ut(t)||(H§gj}(Q))' < HA(t)u(t)H(H{Zgj}(Q))’ + 1| f (¢, 'aU)H(Hfgj}(Q)ya te (r,Tu,).

Since

Az on = swp | [ wA®] < @) max ot e

X

191l r2m =1
H{Bj}(Q)
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by (4.16), (4.32) we get [[A(t)ullpoo((rrym2m @)y < cg(T, l[url|2(0), Tu, ). From (4.26)

{8}
| f(t, -’U)H(H%m (@) is bounded by a multiple of (1 4 [Ju(t)]|7 2(q) and hence, by (4.32),
(s )l oo, a2 ) < €1+ L9(T 22, T )7).

Since the above estimates ensure that u(-, Tur) € WH((r, T), (HEE ,(2))'), then (L.27) is
U

satisfied (see [10, Theorem 1.2.2]) and the proof is complete.
Theorem |1.12| and Lemmas now lead to the following conclusion.

Corollary 4.20. Suppose that the assumptions of Corollary[{.16 and Lemma[4.17 hold.
Whenever T € R, u, € L*(Q) are such that T,, < oo, there exist a € (T,,,00] and an

extension U of the maximally defined Fy..-solution of such that U is a piecewise-

Eyyc-solution on [1,a) and either a = oo or a is an accumulation time of singular times.
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