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Uniform stability of a non-autonomous semilinear Bresse system
with memory

Rawlilson O. Aratjo To Fu Ma  Sheyla S. Marinho  Julio S. Prates Filho *

Abstract

The Bresse system is a recognized mathematical model for vibrations of a circular
arched beam that contains the class of Timoshenko beams when the arch’s curvature
is zero. It turns out that the majority of mathematical analysis to Bresse systems are
concerned with the asymptotic stability of linear homogeneous problems. Under this
scenario, we consider a nonlinear Bresse system modeling arched beams with memory
effects, in a nonlinear elastic foundation. Then we establish uniform decay rates of the
energy under time-dependent external forces.

Keywords: Bresse system, energy decay, visco-elasticity, infinite memory.

1 Introduction

In recent years, the Bresse system [4, 14] was studied by many authors. It is a robust
mathematical model for vibrations of circular arched beams given by a system of three
specially coupled wave equations. Let the variables ¢, 1, w, represent, respectively, vertical
displacement, shear angle and axial displacement. Then the Bresse system can be deduced
from the governing equations

p1pu = Qu + (N + Fi,
ptht:Mx_Q—i_FQa
prwy = Ny — (Q) + F3,

together with the constitutive laws
N = ko(w, — lp), Q =k(p,+lw+1), M =b,, (1.4)

where ), M, N stand for, respectively, shear force, bending moment, axial force, and ¢ > 0
is the beam’s curvature. The quantities p1, p2, k, b, ko, are positive parameters of the system,
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and Fi, Fy, F3 represent forcing terms and dissipative effects to the system. Inserting (1.4)
into (1.1)-(1.3) we obtain the usual form of the Bresse system

P1Pu — /{(QDI + 77D + gw)x - koé(wx - 690) = Flv
p2¢tt - bqu):c:c + k?((,(% + ¢ + Ew) = F27
P1Wy — ko(wx - &P)x + kg(%c ++ &U) = F3,

defined in a bounded z-domain, say, (0, L).
It is clear that when the parameter ¢ vanishes the Bresse system reduces to the Timo-
shenko system [1, 15, 22]

p1oe — k(e + V) = F1,
p2¢tt - b¢acac + ]{/’((,Dm + 1/}) - F2a

plus an independent wave equation pjwy — kowy, = F3.

We recall that the Timoshenko system has a characteristic property related to the equal
wave speeds condition. Indeed, with damping term present in only one of its equations, it is
known that the energy of the Timoshenko system is exponentially stable if and only if

k_2b
P1 P2

holds (e.g. [20, 2, 3, 13]). It happens that Bresse system also has a characteristic property
related to the equal wave speeds condition, with further k = ky. To this concern we refer the
reader to, for instance, [1, 7, 8, 9, 17, 19, 21, 23].

Our study is related to the one by Guesmia and Kafini [12] Where it was studied a Bresse
system with infinite memory. More precisely, with notation (g * u) fo u(t — s)ds,
they considered (1.1)-(1.3) with F; as memory terms of the form

Flz_gl*(ﬁ:m:a F22_92*w:m7 FBZ_giS*w:m:

where g; > 0 are decreasing memory kernels. In a configuration with Dirichlet boundary
condition and with prescribed past history for ¢(t),9(t), w(t), t < 0, they studied the ex-
ponential and polynomial energy decay, in a history setting. Since the system has damping
terms in all of the three equations, it was not assumed any equal wave speeds condition.

We notice that all above mentioned studies on Bresse systems deal with linear homoge-
neous problems. Dynamics of nonlinear Bresse systems was only recently studied in [15],
where it was considered an autonomous problem without memory terms.

Here we study a Bresse system with memory in a framework with nonlinear foundation.
Then our problem reads as follows:

1o — k(pe + ¢ 4+ lw), — kol(wy — Lp) + g1 % ©rr + f1(0, 0, W) = hy, (1.5)
P2y — by + k(0 + 10 +Lw) + g2 % g + fo(@, 1), w) = ho, (1.6)
P1We — kO(wm - &P)x + ICE(QOQ: + 1/1 + Ew) + g3 * Wy + f3(§07 w7 U)) = h37 (17)



where h; = h;(z,t) and (f1, f2, f3) = VF, for some potential function F. The needed
prescribed past history is denoted by

o(x,t) = @o(x,t), Y(x,t) =1o(z,t), w(x,t)=we(x,t), t<0, z€(0,L).

Our main objective is to prove the uniform stability of the system (1.5)-(1.7) under the
influence of external time-dependent forces h; = h;(z,t). The global existence for the system
is presented in Theorem 2.1. The uniform exponential decay of the energy is presented in
Theorem 2.2. To our best knowledge this is the first work concerned with Bresse systems

with non-autonomous forces. However, non-autonomous Timoshenko systems were earlier
studied in [11, 16].

2 Preliminaries

2.1 History setting

In order to deal with infinite memory a standard procedure is the one by Dafermos [6].
To this end we shall follow that arguments and notations in [10, 12]. Accordingly, one defines
the following new variable n;, for t, s > 0,

Ui(iﬁa 5) = @(wi - Qo(xvt - 8)7
775(377 S) = ¢($a t) - ¢(:I,’,t - 3)7
n(z,s) = w(x,t) —w(z,t —s),

3#75(% S) = gpt(l’,t) - 35%(% 8)7
8t77§(x7 5) = wt(xv t) - 88775(3;7 3)7
o (z,8) = wi(z,t) — Isni(z, 8).

From this, the memory terms become

/00091( Yoaa(t — s)ds /mgl Oratt(5) ds + 6 pun(t),
/OOO S (5t — /OO

92 xa:772 ) dS + 98 wx:(: (t)a

0

/ g3(s)wx$ t - 3 / zx773 ) ds + gg wxm(t)a
0

where g; > 0 and
g? :/ gi(s)ds >0, i=1,2,3,
0



are assumed to be small. Finally, we obtain the new system (of six equations):
prow — k(e + ¥ + lw)e — kol(wy — L) — / 910z ds + g1 oo + 1 =h1,  (28)
0
0

P1W — kO(wz - ggp)m + kg((px + w + gw) - / g3 axmni’) ds + g;(g) Wyg + f3 = h37
0

(
o — pr + Osm = 0, (2.1
O — Yy + O = 0, (2.12
Oz — wy + Ogms = 0, (21

defined for (x,t) € (0, L) x Rt where f; = fi(¢, 1, w). To the system we add the boundary
condition

0(0,8) = (L, t) = (0,t) = (L, t) = w(0,t) = w(L,t) = 0, t >0, (2.14)

ni(0,8) =ni(L,s) =0, t,s>0, i=1,2,3, (2.15)

and the initial conditions

QO(ZE,O) - QOO(ZE)? w(%o) - 190(90)7 w(m,O) - w0<x)7 YOS (07 L)v (216>
oi(,0) = p1(x), Y(z,0) =(x), w(z,0)=wi(z), =€ (0,L), (2.17)
n(x,s) =ni(x,s), x€(0,L), s>0, i=1,2,3, (2.18)
with
ni(z,0)=0, t>0, z€(0,L), i=1,2,3. (2.19)

In what follows we use standard Lebesgue space LP(0,L) and Sobolev spaces H{ (0, L)
and H?(0, L), with norm notation

lullp = [lullr - and Jluglz = [Jul;-
The energy space to the system is defined by
H = H;(0,L)* x L*(0,L)* x M; x My x Ms,

where
J%:LﬁRﬂ%wiﬁz{mR+%HﬁQM\/ M$Wm@ﬁ®<a%,
0

with norm

nmhzlgmwmwmw i=1,2,3
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Given z = (¢, ¥, w, @, 1, W, M, N2, M3) € H, the usual norm is

120wt = lall3 + e 13 + llwe I3 + IGIZ + 1013 + 115 + 013y, + 0213, + 05l

It is well known (cf. [15, 18]) that
1o, v, )iz = lleallz + 19zl + llwall3

and
1,9, )5 = Kllps + 9 + Cwllz + bllval2 + kollws — o3
are equivalent norms in HJ (0, L)3. In particular, there exists v > 0 such that
1., B = v5ll(0, ¥, w) 13- (2.20)
Then, if ¥ are sufficiently small, it follows that the Bresse norm
1213, = kllow + 9 + Cwlls + bllall3 + kollws — Loll + pr G113 + p2ll0ll3 + prll @]l
I llin + Il + Insliag — 01 leallz — g2 1l — g3 lwll2, (2.21)

is well-defined in H and equivalent to the usual one.

2.2 Assumptions

With respect to the kernel terms we assume, for each i = 1,2,3, g; € C°([0,00))NCH(RT),

9 >0, g)= / gi(s)ds >0, ¢°=max{g}, 95,95} < B, (2.22)
0
and for some & > 0,
gi(s) < —€gi(s), Vs> 0. (2.23)

With respect to the nonlinear foundation, we assume that there exists a function F' : R® — R,
of class C?, such that

VF = (f17f27f3)7 (224>
and satisfying
VEF(o, ¥, w)(p, 1, w) = Flp,h,w) =0, (2.25)
and for some p > 0, there exists Cr > 0 such that,
IVfilp. ¥, w0)] < Cp(L+ [l + [0 + [wlP), i=1,2,3. (2.26)
Finally, for the non-autonomous forcing, we assume that
h; € LE (R, L*(0,L)), i=1,2,3, (2.27)

and there exist constants o, C}, > 0 such that
| e (o)1 + )l + ra(s) B)ds < . (228)
Examples of such (f1, fa, f3) can be found in [15].
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2.3 Results
The first result is dedicated to the global solvability.

Theorem 2.1. Under the assumptions (2.22)-(2.27), the Bresse system (2.8)-(2.19) has a
unique weak solution

2 € C°([0,00);H), 2(0) = 2,

for any zo € H. Moreover, if zy € D(A) and h; € HL_([0,00); L*(0, L)), i = 1,2,3, then the
solution has reqularity

2 € CY([0,00);H) N CO([0, 00); D(A)).

The second result is dedicated to the decay of the energy. We note that from assumption
(2.22) and inequality (2.20), the Bresse norm (2.21) is well defined. Then, along a weak
solution z(t) = (¢(t), ¥(t), w(t), @(t), u(t), we(t), nt, nb,n%), t > 0, the energy of the system
is defined by

B() = 31=0l+ [ 0,000, 0(0) d

In the next theorem, the uniform stability will require that the nonlinear terms f; have at
most a linear growth.

Theorem 2.2. Under the assumptions (2.22)-(2.28), with p = 0 in (2.26), the energy of the
Bresse system (2.8)-(2.19) has uniform exponential decay. More precisely,

E(t) < Co(E(0) + Ch)e™™, >0, (2.29)
where 0 < v < o and Cy > 0 do not depend on the initial energy.

In the case f; are superlinear, we still have exponential decay of the energy, provided that
h; = 0.

Theorem 2.3. Under the assumptions (2.22)-(2.26), the energy of the Bresse system (2.8)-
(2.19), with h; = 0, decays exponentially. More precisely, given R > 0, there exist constants
Cr,vr > 0 such that

E(t) < CRE(0)e """t >0, (2.30)

for any solution z with initial value satisfying ||zo||% < R.

3 Global existence

In order to use semigroup theory we write our system (2.8)-(2.19) as a Cauchy problem

d

Ez(t) = Az(t) + F(t,2(t)), =2(0)= z, (3.31)

Z(t> = (cp(t),w(t),w(t), gpl(t)v w,(t)7w/(t)7 Tﬁ?név niti) € /Hv 90/ = Pts ¢/ = 1/}157 w' = We.
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and initial data
20 = (9007 2ﬂOv Wo, ()067 1/16, w(/]? 1105 7720, 7730) S H?

The operator A is linear and defined by

_ p ]
¢/
w/
ﬂﬁl((px + w + gw)x + ﬁ_gg(wi - ESO) + pil fooo gl($>axz771<3) ds — %@xw
Az = p%%x — p%(% + 1 + lw) + p% J5” 92(8)0uama(s) ds — %%«“x 7
B (10, — ), — K 0(py + 1+ Cw) + L [ g3(5)0pams(s) ds — D,
Qpl - a5771
W - 63772
w’ — 85773

with domain

DA)={zeH| Az e H and ni|s=0=0, i =1,2,3}.

The nonlinear elastic foundation and non-autonomous forcing terms are given by F : [0, 00) X

H — H,

0

0

0
L(h(t) = file, &, w))
F(t7 Z) — p%(hg(t) - f?(sov ¢a ’LU))
£ (haft) = il )

o O O

The following energy estimate will be useful.

Lemma 3.1. Given 6 > 0 one has

0=z | G610 () 3 s 81 (1), w0, w0 s + 5 RIOTACED

Proof. We shall assume the solution z regular, that is, z € C°(]0,00); D(A)). Then all the
calculus below will be legitimate. The result also holds for weak solutions by a standard
density argument.



Multiplying equations (2.8)-(2.10) by ¢y, ¢, wy, respectively, and integrating over (0, L)
we conclude that
d 1o~ [ L
ZE=3 ;/O g||0.m;|5 ds +/0 (h1pr + hotby + haw)d. (3.33)
Then (3.32) follows. O

Proof of Theorem 2.1. The existence of solutions for the linear system z; = Az was
studied in [12] by showing that —A is maximal monotone in H. To solve our nonlinear
problem (3.31) we first observe that assumption (2.26) implies that F (¢, z) is locally Lipschitz
in z, for each fixed t . Indeed, let us take 2!, 22 € H,

1 1 1 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2 2 2
z :(gp 7w 7w 790/7wl,w/777177727773)7 z :<90 7¢ ,U) ><Pl7w/>wla771a"727773)-

Now, using (2.26), there exists an embedding constant C' > 0 such that

1 L
?/0 ‘f1<gplaw1awl)_fl(SOQ,wQ,'LUQ)‘de'
1

< COp(L+ 12Y1 + 122115 (et = @215 + 19" = 0213 + [lw! —w?|]3),
< Gzt =223,

where C, > 0 depends on r = max{||2!||x, ||2%||%}. Same estimate holds for the cases fs, f3.
Then .
1F(t, ") = Ft, 2l < (3CH)E]|2" = 2w, ¢ 20,

which shows that F is locally Lipschitz. Hence from classical results, e.g., [5, Theorem
7.2], for zy € H, problem (2.8)-(2.19) has a unique weak solution z = z(¢) defined on an
interval [0, tyax). Moreover, if ¢, < 00 then ||z(t)]|% — 0o as t — t,,. If the initial value
2o € D(A), the same conclusion is valid for strong solutions.

It remains to show that the solution is global in time. From inequality (3.32) we infer
that

B0) < B+ 53 I, 1€ [0, fuas).

Hence the Gronwall inequality implies that

3 t
1 max
Bt < (BO)+:Y / Iha(s)|2ds | e, ¢ € [0, tas).
2 i=1 Y0

Since h; are locally integrable we see that E(t) is finite in [0, t.x) Whenever t,.y is finite.
Therefore ¢,,,x = 0o and this completes the proof of Theorem 2.1. O



4 Exponential stability

In this section we prove our main result by using energy methods. Let us define the
functionals

10 = [ @00+ pua) + proyun(t) e
10 =p [ 060) [ o)) s
50 =2 [ 006) [ by s
Rt ==or [ o) | " (et dads

Denoting J = J; + J5 + J3 we consider the perturbed energy
L(t) = B(t) +ea(erI(t) + J(t)), t>0,
where £1,e9 > 0 are parameters to be fixed later.

Lemma 4.1. There exist constants g, 51, B2 > 0 such that

BiE(t) < L(t) < BLE(t), t>0, (4.34)
for any e1,e2 € (0, €.
Proof. Clearly there exists a constant C' > 0 such that

)] +[I(t)] < CE), t=0.
Taking €y < min{1, C~'}, we have

lea(erI(t) + J(1))| < eoCE(t), t>0,

for 1,9 < £o. Since £,C < 1, we obtain (4.34) with 51 =1 — goC and b =1+ eoC . O
Lemma 4.2. There exist constants o, C, Cy, C3 > 0 such that

I'(t) < = E(t) — all(@a(t), 1o (t), wa (8)) ez + Call(pe(t), v (t), welt) {2y

3 3 .
+GY OB - [ g lRds, ¢z o0
i=1 i=1 70
Proof. We begin by noting that

L
I" < max{py, p2}| (1, e, we) [Ereys + / (pro1p + p2tuth + powyw)da. (4.35)
0
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From the equations (2.8)-(2.13) we see that

L
| (onouo+ bt + pawae) o = = v + (ol + 981013 + Bl
‘ L
- [ Vr 0w
OL
+/O (h1p + hatp + hsw)dz + M,

where

[’ L [’ L o0 L
Mz—/ 91/ ammsomdx—/ 92/ amwxdx—/ 93/ D w, do.
0 0 0 0 0 0

For convenience, we can estimate

L 0 3
TB— 49

/ (h1p + hoto + haw)dx < BTH(%, Yo, we)|[Fp2ys + Cy > [1hall3 (4.36)

0 i=1

and
B — go 2 ’ 2
M < o w0 g+ C S Il (4.37
i=1

for some C,, > 0. Then, inserting (4.36)-(4.37) into (4.35) we obtain

I'< = |l(e, v, w5 + (9 lleall3 + gallvall3 + g3llwal3)
(VB —90)

T

(s Ve wx)H?Lz)s + max{p1, p2 }|(pr: Pt wt)”%[ﬁ)?r

2
M;*

L 3 3
- [ VF@ v v+ Y Il + S nd
0 i—1 i=1
Adding —FE(t) to the inequality, and taking into account assumption (2.25), we obtain

1 1
I'< = E=Zl(p, v, w)lh + 5 (90llell3 + g2llvals + gsllws13)

(v8 —9°)
L

3 3
+ O+ (5+6) S I
=1 =1

But using inequality (2.20) and assumption (2.22),

3
+ P Yo w2 {12y + 5 max{pr, pa} (9 v, wi)I2ye

2
M;-

(v —¢°)

92 H(%,%,wx)H?Lz)s.

1 1
—§H(so,w,w)!|23 + 5(9?I|sox|!§ + gollva 3 + g3llwal3) < —
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Then, noting that,
1 [ .
Il <~ | gllomls, i=1.23 (4.38)
0
the lemma follows with o« = i(vB—gO), C, = %max{pl, p2}, Co = C, and C5 = %(%—FC’W). O

Lemma 4.3. Assume p =0 in (2.26). Then given v > 0, there ezists C,, > 0 such that

J'(t) < = 6l (@e(®), e(t), we(®)) [Ez2ys + VI (2 (1), Ya(t), walt)) 2o

3 oo 3
—o Y / GOt )Eds + 3 @I >0, (4.39)
=1 =1

where k > 0 does not depend on v.

Proof. We begin with
J; = A+ B,

00 L L )
A= —pl/ gl/ o prdrxds and B = —/ p190tt/ g1m dsdzx.
0 0 0 0

Since Oy = ¢ — Osn1, we have

where

00 L
A= —pigilleel +m/ —gi/ m ¢y dads.
0 0
Moreover, there exists Cy > 0 such that
[e's) L 00
o [ =g [ medads <= Cpu [ gilamleliaads
0 0 0

p1gy 2 >~ 2
<20~ Ci [ gilomlas
0

Hence
PgY < 2
A< PRy [ glomlds (1.40)
0

With respect to B, using equation (2.8), we obtain

L o -
b= / (_k<<p$+w+£w)$_k0€(w1_£¢)_/ G102 ds+ f1 +g(1)§0:va:_h1> (/ qam dS) dx.
0 0 0

We shall estimate each term of B. Clearly, given §; > 0 there exists Cs, > 0 such that,

L [e')
/ k(a4 + ) / gumy dsd < 81| (90, bor w2) Py + G i ..
0 0

L ')
/ @ 0o / g1 dsd < 61| (Par o 2|1y + Co 2,
0 0
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and . .
—/ kol(w, — &0)/ g dsdr < 61 ||(@a, Y, wa) T2y + Cs, Il -
0 0

Also,

L (%) o)

[ (] sitemas)( [ omds)do < gtiml,

0 0 0
and L [e%e) 0.2

—[ dsdz < |7l + 225 [l 2

1 qaim = e T 57 milm, -
0 0

Finally,

o T
[ nte) [ omasie < TR U0l

0
But using (2.26) with p = 0, there exists C' > 0 such that,

110, 9, w) 13 < Cll(0s Y o) [{r2ys-

Then, given d5 > 0 there exists Cjs, > 0 such that

L 0o
/0 fl(tp,w,w)/ g1 dsdz < o||(u, Yy wa) Er2ys + Cos, lm g, -

0

Combining above estimates, given d3 > 0, there exists Cs, > 0 such that

B < 03]l(¢0: Yay wa)l[Ep2ys + Coullm iy, + [l (4.41)

Then, from (4.40), (4.41) and (4.38), we conclude that, given ¢’ > 0 there exists Cs > 0 such
that

0 00
P19
7, < =Ll + 1 rr 0 s = C [ llowm s +
Analogously we have,

p 9 >
Ty < =221 |13 + 8[| (P oy ) |17 (L2)3 — Caf/ 951|10umal|3 ds + [| a3
0

and o -
P19
Ty < P28 ') v o — i [ i 0umallds -+ il
0

Then we infer that given v > 0 there exists C}, > 0 such that
3 o 3
T < =l (e e w)[Erzy + VI (as o, wa)l[Erzys — Co Z/ gilloemll3 ds + > |13,
i=1 70 i=1

where r = %min{plg?, P25, P15 }- u

12



Proof of Theorem 2.2 The uniform decay of the energy follows from Lemmas 4.1-4.3 and
energy estimate (3.32). Indeed, let us take 1, > 0 such that

K
e.C; < 3 and v < ga.

Then from Lemmas 4.2 and 4.3 we obtain

al'(t) +J'(t) < —aB(t) - EH(QOt(t)awt(t)7wt<t))|l%L2)3

(Gt 1) Zuh - (Gt )Y / G ant ()3 ds.

i=1

Now, we choose 5,0 > 0 such that

K
and 0 < eg9—.

62(03 + Cy) < 5

N —

Then from (3.32),

E,(t) + &9 (81[/( ) + J/( )) _5152E + CS Z Hh H2>

=1

where C5 = % + C5 4+ 1. Choosing e1,e9 < ¢, we infer from definition of £(¢) and Lemma
4.1, that

L) < —‘g}‘jﬁc + 052 IR ()3, t>0. (4.42)
Replacing <22 in (4.42) by

. {5152 }
Y=minqy—-,0 ¢,
B2

and using the integrand factor e, we see that

L(t) < e L0 e7tC’5/ "SZHh JIIE ds.

Using Lemma 4.1 once more and assumption (2.28) we get

1
E(t) < Pz e "E(0) + —e " C5Ch,
Bi B
which implies (2.29). We observe that positive constants 1, f2,Cs do not depend on the
initial energy. This completes the proof of Theorem 2.2. m
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Proof of Theorem 2.3 The arguments follow the same lines of the proof of Theorem 2.2.
The main difference is in the Lemma 4.3, where now, the constant C,, > 0 in (4.39) is depen-
dent on the initial data. Indeed, to prove Lemma 4.3 we need a estimate for || f1(, 1, w)||3.
Since p > 0 in (2.26), we have for some C' > 0,

L
lalo, b w)|3 < C / (L4 10 + [P + [w) (|0 + [0 + [w]?) da

< C (14 (e s w2) 5y ) 1 s 00) [y
< C(1+ E@Y)[(a s wa)[fr2ye-

Now, because h; = 0, identity (3.33) shows that energy E(t) is decreasing and hence E(t)? <
E(0)?, t > 0. In particular, for initial data satisfying ||zo]|% < R, there exists kg > 0 such
that

Lf1(p s 0I5 < krll(9rs ey we) [Er2ys-
Therefore, given do > 0 there exists Cs, > 0 (now dependent on R) such that
L o0
| o) [ o dsds < 8l orv ) g + Coliml,

and the rest of the proof of Lemma 4.3 remains unchanged.
To obtain (2.30) we follow the steps of the proof of Theorem 2.2 with h; = 0 and taking
into account that C, > 0 in (4.39) depends on the initial data. O
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