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Abstract

In this article we study the whole class QSE of non-degenerate planar quadratic differential
systems possessing at least one invariant ellipse. We classify this family of systems according
to their geometric properties encoded in the configurations of invariant ellipses and invariant
straight lines which these systems could possess. The classification, which is taken modulo the
action of the group of real affine transformations and time rescaling, is given in terms of algebraic
geometric invariants and also in terms of invariant polynomials and it yields a total of 35 distinct
such configurations. This classification is also an algorithm which makes it possible to verify for
any given real quadratic differential system if it has invariant ellipses or not and to specify its
configuration of invariant ellipses and straight lines.
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variant polynomials, group action
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1 Introduction and statement of the main results

We consider planar polynomial differential systems which are systems of the form

dz/dt = p(z,y), dy/dt=q(z,y) (1)



where p(z,v), ¢(z,y) are polynomials in z,y with real coefficients (p, ¢ € R[z,y]) and their associated
vector fields

X = p(z, y)% +q(z, y)aay- (2)

We call degree of such a system the number max{deg(p), deg(q)}. In the case where the polynomials
p and ¢ are coprime we say that (1) is non-degenerate.

A real quadratic differential system is a polynomial differential system of degree 2, i.e.

dz/dt = po + p1(a, z,y) + p2(a,z,y) = p(a, z,y),
dy/dt =qo+ q1<a7xa y) + qQ(aa x,y) = q(d,x,y),

with max{deg(p), deg(¢q)} = 2 and

po=a, pi(a,z,y)=cx+dy, pazy)=gz*+2hzy+ky*
w0="b aqla,zy) =cr+fy, @@y =Il®+2my +ny’.

Here we denote by a = (a,b,c,d,e, f,g,h,k,l,m,n) the 12-tuple of the coefficients of system (3).
Thus a quadratic system can be identified with a point @ in R'2.

We denote the class of all quadratic differential systems with QS.

Planar polynomial differential systems occur very often in various branches of applied mathematics,
in modeling natural phenomena, for example, modeling the time evolution of interacting species in
biology and in chemical reactions and economics [15, 31], in astrophysics [7], in the equations of
continuity describing the interactions of ions, electrons and neutral species in plasma physics [21].
Polynomial systems appear also in shock waves, in neural networks, etc. Such differential systems
have also theoretical importance. Several problems on polynomial differential systems, which were
stated more than one hundred years ago, are still open: the second part of Hilbert’s 16th problem
stated by Hilbert in 1900 [11], the problem of algebraic integrability stated by Poincaré in 1891
[19, 20], the problem of the center stated by Poincaré in 1885 [18], and problems on integrability
resulting from the work of Darboux [9] published in 1878. With the exception of the problem of the
center, which was solved only for quadratic differential systems, all the other problems mentioned
above, are still unsolved even in the quadratic case.

Definition 1 (Darboux). An algebraic curve f(z,y) = 0, where f € Clx,y], is an invariant curve
of the planar polynomial system (1) if and only if there exists a polynomial k(x,y) € Clx,y] such
that

of of

p(m,y)% +q(z, y)afy =k(z,y)f(x,y).

Definition 2 (Darboux). We call algebraic solution of a planar polynomial system an invariant
algebraic curve over C which is irreducible.

One of our motivations in this article comes from integrability problems related to the work of
Darboux [9].

Theorem 1 (Darboux). Suppose that a polynomial system (1) has m invariant algebraic curves
fi(x,y) =0, i <m, with f; € Clx,y] and with m > n(n+ 1)/2, where n is the degree of the system.
Then there exist complexr numbers A1, ..., Ay such that flAl ... fom s a first integral of the system.



The condition in Darboux’s theorem is only sufficient for Darboux integrability (integrability in
terms of invariant algebraic curves) and it is not also necessary. Thus the lower bound on the number
of invariant curves sufficient for Darboux integrability stated in the theorem of Darboux is larger
than necessary. Darboux’s theory has been improved by including for example the multiplicities of
the curves ([14]). Also, the number of invariant algebraic curves needed was reduced but by adding
some conditions, in particular the condition that any two of the curves be transversal. But a deeper
understanding about Darboux integrability is still lacking. Algebraic integrability, which intervenes
in the open problem stated by Poincaré in 1891 ([19] and [20]), and which means the existence of a
rational first integral for the system, is a particular case of Darboux integrability.

Theorem 2 (Jouanolou [12]). Suppose that a polynomial system (1), defined by polynomials p(x,y),
q(z,y) € Clz,y|, has m invariant algebraic curves fi(x,y) = 0, i < m, with f; € Clz,y| and with
m > n(n+1)/2+2, where n is the degree of the system. Then the system has a rational first integral

h(z,y)/g(z,y) where h(z,y),g(z,y) € Clz,y].

To advance knowledge on algebraic or more generally Darboux integrability it is necessary to have a
large number of examples to analyze. In the literature, scattered isolated examples were analyzed but
a more systematic approach was still needed. Schlomiuk and Vulpe initiated a systematic program
to construct such a data base for quadratic differential systems. Since the simplest case is of systems
with invariant straight lines, their first works involved only invariant lines for quadratic systems
(see [23, 25, 26, 28, 29]). In this work we study a class of quadratic systems with invariant conics,
namely the class QSE of non-degenerate (i.e. p and ¢ are relatively prime) quadratic differential
systems having an invariant ellipse. Such systems could also have some invariant lines and in many
cases the presence of these invariant curves turns them into Darboux integrable systems. We always
assume here that systems (3) are non-degenerate because otherwise doing a time rescaling, they can
be reduced to linear or constant systems. Under this assumption all the systems in QSE have a
finite number of finite singularities.

The irreducible affine conics over the field R are the hyperbolas, ellipses and parabolas. One way
to distinguish them is to consider their points at infinity (see [1]). The term hyperbola is used for a
real irreducible affine conic which has two real points at infinity. This distinguishes it from the other
two irreducible real conics: the parabola has just one real point at infinity at which the multiplicity
of intersection of the conic with the line at infinity is two, and the ellipse which has two complex
points at infinity.

In the theory of Darboux the invariant algebraic curves are considered (and rightly so) over the
complex field C. We may extend the notion of hyperbola (parabola or ellipse) for conics over C.
A hyperbola (respectively parabola or ellipse) is an algebraic curve C' in C2, C : f(z,y) = 0 with
f € Clz,y], deg(f) = 2 which is irreducible and which has two real points at infinity (respectively
one real point at infinity with intersection multiplicity two, or two complex (non-real) points at
infinity).

Remark 1. We draw attention to the fact that if we have a curve C : f(x,y) = 0 over C it
could happen that multiplying the equation by a number X € C* = C\{0}, the coefficients of the
new equation become real. In this case, to the equation f(x,y) = 0 we can associate two curves:
one real {(x,y) € R2|\f(x,y) = 0} and one complex {(x,y) € C?|f(z,y) = 0}. In particular, if



f(z,y) € Rz, y] then we could talk about two curves, one in the real and the other in the complex
plane. If the coefficients of an algebraic curve C : f(x,y) = 0 cannot be made real by multiplication
with a constant, then clearly to the equation f(x,y) = 0 we can associate just one curve, namely the
complex curve {(z,y) € C?|f(z,y) = 0}.

In this paper we consider real polynomial differential equations. To each such system of equations
there corresponds the complex system with the same coefficients to which we can apply the theory of
Darboux using complex invariant algebraic curves. Some of these curves may turn out to be with real
coefficients in which case they also yield, as in the remark above, invariant algebraic curves in R? of
the real differential system. It is one way, but not the only way, in which the theory of Darboux yields
applications to real systems. It is by juggling both with complex and real systems and their invariant
complex or real algebraic curves that we get a full understanding of the classification problem we
consider here.

Let us suppose that a polynomial differential system has an algebraic solution f(x,y) = 0 where
f(z,y) € Clz,y] is of degree n, f(z,y) = ap + a0z + ao1y + -+ + anox™ + an_112" 'y + -+ +
aony™ with @ = (ago,...,a0n) € CN where N = (n + 1)(n + 2)/2. We note that the equation
M (z,y) = 0 where A € C* = C\{0} yields the same locus of complex points in the plane as the
locus induced by f(z,y) = 0. So, a curve of degree n defined by a can be identified with a point

[a] = [aoo : a1o : -+ : agn) in Py—1(C). We say that a sequence of curves fi(z,y) = 0 of degree n
converges to a curve f(z,y) = 0 if and only if the sequence of points [a;] = [ai00 : @i10 @+ : Gion)
converges to [a] = [ago : @10 : -+ - : app) in the topology of Py_1(C).

On the class QS acts the group of real affine transformations and time rescaling and because of
this, modulo this group action quadratic systems ultimately depend on five parameters. In particular,
restricting this group action on QSE, modulo this action the QSE is a union of 1-dimensional, 2-
dimensional and 3-dimensional families of systems as it can be seen from the normal forms obtained
in [16] for this family.

We observe that if we rescale the time ¢ = A\t by a positive constant A the geometry of the systems
(1) does not change. So, for our purposes we can identify a system (1) of degree n with a point
[aoo, a10, - - -5 Aon, boo, - - - 7b0n] in SNil(R), with N = (7’1, + 1)(7’L + 2)

We compactify the space of all the polynomial differential systems of degree n on SV~! with
N = (n+ 1)(n + 2) by multiplying the coefficients of each systems with 1/(2((1% + b?j))lﬂ.

Definition 3. (1) We say that an invariant curve L : f(z,y) = 0, f € Clz,y], for a polynomial
system (S) of degree n has multiplicity m if there exists a sequence of real polynomial systems (Sy)
of degree n converging to (S) in the topology of SN=1, N = (n+1)(n+2), such that each (Sy) has m
distinct invariant curves L1y @ fig(z,y) =0,..., Ly : fnk(z,y) = 0 over C, deg(f) = deg(fir) =
r, converging to L as k — oo, in the topology of Pr_1(C), with R = (r + 1)(r 4+ 2)/2 and this does
not occur for m + 1.

(2) We say that the line at infinity Loo : Z = 0 of a polynomial system (S) of degree n has
multiplicity m if there exists a sequence of real polynomial systems (Sk) of degree n converging to
(S) in the topology of SN=1, N = (n+ 1)(n + 2), such that each (S) has m — 1 distinct invariant
lines L1k : fip(z,y) =0,..., L1kt fin—1.k(z,y) = 0 over C, converging to the line at infinity Loo
as k — 0o, in the topology of Po(C) and this does not occur for m.



Remark 2. (a) In order to describe the various kinds of multiplicities for infinite singularities we
use the concepts and notations introduced in [23]. Thus we denote by “(a,b)” the mazimum
number a (respectively b) of infinite (respectively finite) singularities which can be obtained by
perturbation of a multiple infinite singularity.

(b) In DIAGRAM & we draw the multiple curves with bold lines and we place a number without
parentheses next to the curve which corresponds to its multiplicity (see for example Config. E.24).
However, there exist two configurations in which we draw the invariant ellipse with thicker line
(without a number next to it) in order to indicate that it is a limit cycle (see Config. E.5 and
Config. E.9).

An important ingredient in this work is the notion of configuration of algebraic solutions of a
polynomial differential system. This notion appeared for the first time in [23].

Definition 4. Consider a planar polynomial system which has a finite number of algebraic solutions
and a finite number of singularities, finite or infinite. By configuration of algebraic solutions of this
system we mean the set of algebraic solutions over C of the system, each one of these curves endowed
with its own multiplicity and together with all the real singularities of this system located on these
curves, each one of these singularities endowed with its own multiplicity.

We may have two distinct systems which may be non-equivalent modulo the action of the group
but which may have “the same configuration” of invariant ellipses and straight lines. We need to say
when two configurations are “the same” or equivalent.

Definition 5. Suppose we have two systems (S1) and (S2) in QSE with a finite number of sin-
gularities, finite or infinite, a finite set of invariant ellipses & : e;(x,y) =0, i = 1,...,k, of (S1)
(respectively & : € (z,y) = 0,7 = 1,....k, of (S2)) and a finite set (which could also be empty)
of invariant straight lines Lj : fj(z,y) =0, j = 1,2,..., k', of (S1) (respectively L : fi(z,y) =0,
j=1,2,.... K, of (S2)). We say that the two configurations C1 and Cy of ellipses and lines of these
systems are equivalent if there is a one-to-one correspondence ¢, between the ellipses of C1 and Co
and a one-to-one correspondence ¢; between the lines of Cv and Cy such that:

(i) the correspondences conserve the multiplicities of the ellipses and lines and also send a real
mvariant curve to a real invariant curve and a complex invariant curve to a complex invariant curve;

(ii) for each ellipse € : e(x,y) =0 of Cy (respectively each line L : f(x,y) = 0) we have a one-to-
one correspondence between the real singularities on &€ (respectively on L) and the real singularities
on ¢ (E) (respectively ¢;(L)) conserving their multiplicities and their location;

(iii) furthermore, consider the total curves F : [[ Ey(X,Y, X)[[F;(X,Y,Z)Z = 0 (respectively
FTE(X Y, X)) FI(X,Y,2)Z = 0 where Ei(X,Y,X) = 0 and F;(X,Y,X) = 0 (respectively
E/(X,Y,X) =0 and FJ{(X, Y, X) = 0) are the projective completions of & and L (respectively & and
E;) Then, there is a correspondence 1 between the singularities of the curves F and F' conserving
their multiplicities as singularities of the total curves.

In the family QSE we also have cases where we have an infinite number of ellipses. Thus, according
to the theorem of Jouanolou (Theorem 2), we have a rational first integral. In this case the multiplicity
of an ellipse in the family is either considered to be undefined or we may say that this multiplicity



is infinite. Such situations occur either when we have (i) a finite number of singularities, finite or
infinite, or (i7) an infinite number of singularities which could only be at infinity (recall that the
systems in QSE are non-degenerate). In both cases however we show that we have a finite number of
invariant affine straight lines with finite multiplicities. In fact it was proved in [27] that all quadratic
systems which have the line at infinity filled up with singularities have invariant affine straight lines
of total multiplicity three. Furthermore, the multiplicities of singularities of the systems are finite in
the case (i) and this is also true in the case (i7) if we only take into consideration the affine lines.
We therefore can talk about the configuration of invariant affine lines associated to the system. Two
such configurations of invariant affine lines C;z, and Cyy, associated to systems (S1) and (S2) are
said to be equivalent if and only if there is a one-to-one correspondence ¢; between the lines of Cp,
and Cyy, such that:

(i) the correspondence conserves the multiplicities of lines and also sends a real invariant line to

a real invariant line and a complex invariant line to a complex invariant line;

(i) for each line L : f(x,y) = 0 we have a one-to-one correspondence between the real singularities
on L and the real singularities on ¢;(£) conserving their multiplicities and their order on the
lines.

We use this to extend our previous definition further above to cover these cases.

Definition 6. Suppose we have two systems (S1) and (S2) in QSE, each one with a finite number
of finite singularities and an infinite number of invariant ellipses. Suppose we have a non-empty
finite set of invariant affine straight lines L; : fij(z,y) = 0, j = 1,2,...,k, of (S1) (respectively
[,;- : f]’(x,y) =0,5=012,....k, of (52)). We now consider only the two configurations Ciy, and
Cyr, of invariant affine lines of (S1) and (S2) associated to the systems, respectively. We say that
the two configurations C1;, and Cyp, are equivalent with respect to the ellipses of the systems if
and only if (i) they are equivalent as configurations of invariant lines and in addition the following
property (ii) is satisfied: we take any ellipse € : e(x,y) = 0 of (S1) and any ellipse £ : €' (x,y) =
0 of (S2). Then, we must have a one-to-one correspondence between the real singularities of the
system (S1) located on € and of real singularities of the system (S3) located on E', conserving their
multiplicities and their location. Furthermore, consider the curves F : [[e(z,y) ] fj(z,y) = 0 and
Frolle (@, y) [ fi(z,y) = 0. Then we have a one-to-one correspondence between the singularities of
the curve F with those of the curve F' conserving their multiplicities as singularities of these curves.

It can be easily shown that the definition above is independent of the choice of the two ellipses
E:e(x,y) =0of (S1) and & : € (x,y) =0 of (S3).

In this work we are interested in systems possessing an invariant ellipse. The conics f(z,y) = 0
with f(x,y) € R[z,y] are classified via the group action of real affine transformation. The conics for
which f(z,y) is an irreducible polynomial over C can be brought by a real affine transformation to
one of the following four forms: 1) 22 + ¢ — 1 = 0 (ellipses); 2) 22 — y?> — 1 = 0 (hyperbolas); 3)
y — 22 = 0 (parabolas); 4) 22 + y? + 1 = 0, these are empty in R? with points only in C2. Some
authors call these conics complex ellipses (see [6], for instance). These complex ellipses will play a
helpful role in our classification problem.



Definition 7. By an ellipse we will mean a conic f(x,y) = 0 with real coefficients which can be
brought by a real affine transformation to an equation x>+ y* +a = 0 with a = —1 (a real ellipse)
ora=1 (a complex ellipse).

Remark 3. In the family QSE we can have cases of systems which possess simultaneously an
infinite number of real ellipses as well as an infinite number of complex ellipses. For such sys-
tems we present the respective configurations containing only real ellipses (besides, of course, the
corresponding invariant lines, if there are any).

In [16] the authors provide necessary and sufficient affine invariant conditions for a non-degenerate
quadratic differential system to have at least one invariant ellipse and these conditions are expressed
in terms of the coefficients of the systems. In this paper we denote by QSE(, ¢ the family of
non-degenerate quadratic systems in QSE possessing two complex singularities at infinity and by
QSE(,—0) the systems in QSE possessing the line at infinity filled up with singularities. We classify
these families of systems, modulo the action of the group of real affine transformations and time
rescaling, according to their geometric properties encoded in the configurations of invariant ellipses
and/or invariant straight lines which these systems possess.

As we want this classification to be intrinsic, independent of the normal form given to the systems,
we use here geometric invariants and invariant polynomials for the classification. For example, it
is clear that the configuration of algebraic solutions of a system in QSE is an affine invariant.
The classification is done according to the configurations of invariant ellipses and straight lines
encountered in systems belonging to QSE. We put in the same equivalence class systems which
have equivalent configurations of invariant ellipses and lines (in the sense of Definitions 5 and 6).
In particular the notion of multiplicity in Definition 3 is invariant under the group action, i.e. if a
quadratic system S has an invariant curve £ = 0 of multiplicity m, then each system S’ in the orbit
of S under the group action has a corresponding invariant line £’ = 0 of the same multiplicity m.
To distinguish configurations of algebraic solutions we need some geometric invariants, and we also
use invariant polynomials both of which are introduced in our Section 2.

Main Theorem. Consider the class QSE of all non-degenerate quadratic differential systems (3)
possessing an invariant ellipse.

(A) This family is classified according to the configurations of invariant ellipses and of invariant
straight lines of the systems, yielding 35 distinct such configurations, 30 of which belong to the
class QSE (<o) and 5 to QSEc,—g). This geometric classification is described in Theorems 5.

(B) Using invariant polynomials, we obtain the bifurcation diagram in the space R'? of the coeffi-
cients of systems in QS according to their configurations of invariant ellipses and invariant
straight lines (this diagram is presented in part (B) of Theorem 5). Moreover, this diagram
gives an algorithm to compute the configuration of a system with an invariant ellipse for any
quadratic differential system, presented in any normal form.

This paper is organized as follows: In Section 2 we define all the geometric and algebraic invariants
used in the paper and we introduce the basic auxiliary results we need for the proof of our theo-
rems. In Section 3 we consider the class QSE(;,q) (respectively QSE¢,—g)) of all non-degenerate
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quadratic differential systems (3) possessing exactly one real singularity at infinity (respectively all
non-degenerate quadratic differential systems (3) possessing an invariant ellipse and the line at infin-
ity filled up with singularities) and we classify this family according to the geometric configurations
of invariant ellipses and invariant straight lines which they possess. We also give their bifurcation
diagram in the 12-dimensional space R'? of the coefficients of quadratic systems, in terms of invariant
polynomials. In section 4 we give some concluding comments, stressing the fact that the bifurcation
diagrams in R'? give us an algorithm to compute the configuration of a system with an invariant
ellipse for any system presented in any normal form.

2 Basic concepts and auxiliary results

In this section we define all the geometric invariants we use in the Main Theorem and we state some
auxiliary results. A quadratic system possessing an invariant ellipse could also possesses invariant
lines. We classify the systems possessing an invariant ellipse in terms of their configurations of
invariant ellipses and invariant lines. Each one of these invariant curves has a multiplicity in the
sense of Definition 3 (see also [8]). We encode this picture in the multiplicity divisor of invariant
ellipses and lines. We first recall the algebraic-geometric definition of an r-cycle on an irreducible
algebraic variety of dimension n.

Definition 8. Let V' be an irreducible algebraic variety of dimension n over a field K. A cycle of
dimension r or r-cycle on'V is a formal sum Sywnw W, where W is a subvariety of V' of dimension
r which is not contained in the singular locus of V', ny € Z, and only a finite number of ny ’s are
non-zero. We call degree of an r-cycle the sum Yny . An (n—1)-cycle is called a divisor. We denote
by Max(C) the mazimum value of the coefficients ny in C. For every m < Max(C) let s(m) be
the number of the coefficients ny in C' which are equal to m. We call type of the cycle C' the set of
ordered couples (s(m),m), where 1 < m < Max(C).

Now we define the geometrical invariants needed for distinguishing the configurations given by the
Main Theorem.

Definition 9. We denote the number of invariant ellipses by N, which assumes the value 1 if the
systems possess only one invariant ellipse or oo if they possess a family of invariant ellipses (real or
complex ones).

Definition 10. 1. Suppose that a real quadratic system has a finite number of invariant ellipses
& fi(xz,y) = 0 and a finite number of invariant affine lines L;. We denote the line at infinity
Loo : Z = 0. Let us assume that on the line at infinity we have a finite number of singularities.
The divisor of invariant ellipses and invariant lines on the complex projective plane of the
system is the following:

ICD =nm& + -+ npé +mily + - -+ mp Ly + Moo Loo,

where nj (respectively m;) is the multiplicity of the ellipse E; (respectively of the line L;),
and My, is the multiplicity of Loo. We also mark the complex (non-real) invariant ellipses
(respectively lines) denoting them by EC (respectively L ). We denote by ILD the invariant
lines divisor, i.e.

ILD = meLoo +m1Ly + - +mpLy.



2. The zero-cycle on the real projective plane, of real singularities of a system (3) located on the
configuration of invariant lines and invariant ellipses, is given by:

MSoc = WU + -+ - + U +mysy + -+ + My Sy,

where U; (respectively s;) are all the real infinite (respectively finite) such singularities of the
system and l; (respectively m;) are their corresponding multiplicities.

The zero-cycle on the real affine plane, of real singularities of a quadratic system located on
the configuration of invariant lines and invariant ellipses, is given by:

MS{?C{C =mq1S1 + -+ MpSp,

where s; are all the real finite such singularities of the system and m; are their corresponding
multiplicities.

In case we have a real finite singularity located on invariant curves we denote it by ?3,1, where
j€d{elel,ll,...}. Here e (respectively [, el,ll,...) means that the singular point s, is located on an
ellipse (respectively located on a line, on the intersection of an ellipse and a line, on the intersection
of two lines, etc.).

A few more definitions and results which play an important role in the proof of the part (B) of

the Main Theorem are needed. We do not prove these results here but we indicate where they can
be found.

Consider the differential operator £ = x - Ly — y - L1 constructed in [4] and acting on the ring
Rla, z,y|, where

Ly =2 9 + 0 + L 0 + 2b g +b g 1b 9
L= aooaalo aloaag 2a016 0081) 108520 2 L ab, (9()11
0 0 1 8 0 0 1 0
Ly =2 2b b —b
2 =2an0 g, + ap1 s + 26110a + 2000 57— Bbo; + 016602 + U105 Dbyy

Using this operator and the affine invariant pg = Res, (pQ(ZL, x,y),q(a, x,y))/y4 we construct the
following polynomials

i 1 ,
pi(a, z,y) = 55( Wuo), i=1,....4,

where £ (o) = L(LED (o)) and £ (10) = po.
These polynomials are in fact comitants of systems (3), invariant with respect to the group GL(2,R)
(see [4]). Their geometrical meaning is revealed in the next lemma.

Lemma 1 ([3, 4]). Assume that a quadratic system (S) with coefficients a belongs to the family (3).
Then:

(i) Let X be an integer such that A\ < 4. The total multiplicity of all finite singularities of this
system equals 4 — X if and only if for every i € {0,1,..., A — 1} we have p;(a,x,y) = 0 in the ring
Rz, y] and px(a,x,y) # 0. In this case, the factorization uy(a,x,y) = H?:1(Uix —v;y) # 0 over C
indicates the coordinates [v; : w; : 0] of points at infinity which coalesced with finite singularities of
the system (S). Moreover, the number of distinct factors in this factorization is less than or equal to
three (the mazimum number of infinite singularities of a quadratic system in the projective plane)



and the multiplicity of each one of the factors u;x —v;y gives us the number of the finite singularities
of the system (S) which have coalesced with the infinite singularity [v; : u; : 0].

(i1) System (S) is degenerate (i.e. ged(P, Q) # const) if and only if pi(a,xz,y) = 0 in Rlx,y] for
every i+ = 0,1,2,3,4.

The following zero-cycle on the complex plane was introduced in [13] based on previous work in
[22].
Definition 11. For a polynomial system (S) we define Dc2(S) = Y cc2 nss where ng is the inter-
section multiplicity at s of the curves p(x,y) = 0 and q(z,y) = 0, with p and q being the polynomials
defining the equations (1).

According to [32] (see also [2]) we have the following proposition.

Proposition 1. The form of the zero-cycle Dc2(S) for non-degenerate quadratic systems (3) is
determined by the corresponding conditions indicated in Table 1, where we write p + q + r¢ + s¢ if
two of the finite points, i.e. r¢,s¢, are complex but not real, and

D= [3((N3, p3)?, Mz)m — (6ptopa — Bpaps + 113, 11a) W] /48,

P = 12p0u4 — 3p1ps + 3,

R = 3ui — Spops,

S =R?—-16,2P, (4)
T = 1843 (313 — 8papa) + 2p0(2p3 — Ipapiopis + 273 pa) — PR,

U = 13 — 4pzpa,

V = puy.

TABLE 1: Number and multiplicity of the finite singularities of QS

No Zero—cycle Invariant No Zero—cycle Invariant
De2(9) criteria 1 De2(S) criteria
po # 0,D <0,
1 10 =0,D<0,R#0
prq+r+s R>0S >0 prag+r | pw=0D<0R#
2| p+qg+rc+s© o #Z0,D >0 ip+q¢+r°] ww=0D>0R#0

M0#05D<07R§0
MO#OaD<OaS§O

3| pt4qt+ro4se 12 2p+q wo=D=0,PR#0

4 2W+q+r | p#0,D=0T<0|13 3p fo=D=P=0,R#0
50 2p4¢ 41 | pu#£0,D=0,T>0|14| p+gq Ho=R=0,P 70,
U>0
/’LO#O?D:T:Oa c c MOZR:07P7£O7
6 2p + 2q PR > 0 15 pc+q U <0
c c MO#O,D:T:O, ,U/O:R:OaP#O?
7 2p°€ 4+ 2q PR < 0 16 2p U=0
po #0,D =T =0, po=R=P =0,
8 3P+ P-0R£0 | P U+£0
po #0,D =T =0, po=R=P =0,
) ip P=R=0 18 0 U=0,V£0
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The next result, stated in [16], gives us for non-degenerate quadratic systems (3) the necessary and
sufficient conditions for the existence of at least one invariant ellipse. The invariant polynomials which
appear in the statement of the next theorem and in the corresponding diagrams are constructed in
[16] and we present them further below.

Theorem 3 ([16]). Consider a non-degenerate quadratic system.

(A) The conditions 1 = 7o = 0 and either n < 0 or Cy = 0 are necessary for this system to
possess at least one invariant ellipse. Assume that the condition 71 = 5o = 0 is satisfied for
this system.

(A1) If n < 0 and N # 0, then the system could possesses at most one invariant ellipse.
Moreover, the necessary and sufficient conditions for the existence of such an ellipse are
given in DIAGRAM 1.

(A2) Ifn <0 and N = 0, then the system either has no invariant ellipse or it has an infinite
family of invariant ellipses. Moreover, the necessary and sufficient conditions for the
existence of a family of invariant ellipses are given in DIAGRAM 1.

(Ag) If Cy = 0, then the system either has no invariant ellipse or it has an infinite family of
invariant ellipses. Moreover, the necessary and sufficient conditions for the existence of a
family of invariant ellipses are given in DIAGRAM 2.

(B) A non-degenerate quadratic system possesses an algebraic limit cycle, which is an ellipse, if
and only if y1 =72 =0, n < 0, T3F <0, 182 # 0, and one of the following sets of conditions
is satisfied:

(B1) 040, B3 £0, Ry < 0;
(Bz3) 0+£0, B3=0,93 =0, Ry <0;
(Bs) §=0,7 =0, Rs <0.

(C) The DIAGRAMS 1 and 2 actually contain the global “bifurcation” diagram in the 12-dimensional
space of parameters of non-degenerate systems which possess at least one invariant ellipse. The
corresponding conditions are given in terms of 37 invariant polynomials with respect to the
group of affine transformations and time rescaling.

Remark 4. An invariant ellipse is denoted by E" if it is real and by E° if it is complex. In the case

of an E" when the drawing is done with thicker line it means that this ellipse is a limit cycle (see
Remark 2 (b)).

The following result is included in [16] as a corollary of Theorem 3.

Corollary 1 ([16]). Consider a non-degenerate quadratic system with the coefficients corresponding
to a point a € R2. According to [16] this system could possess an invariant ellipse only if the
conditions y1(a) = 72(a) = 0 and either n(a) < 0 or Cy(a,z,y) = 0 in the ring Rz, y| are satisfied.
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DiaGrAM 1: The existence of invariant ellipse: the case n < 0

So we define the following two affine invariant subsets in R'2, which must contain all quadratic

systems (1) possessing an invariant ellipse:

B ={a € R"?| 31(a) = 72(a) = 0,n(a) < 0};
¢ ={a € R| 51(a) = A2(a) = 0,Ca(a, z,y) = 0}

Next, following DIAGRAMS 1 and 2 we split the invariant sets B and € into affine invariant subsets
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DiaGrAM 1: (Cont.) The existence of invariant ellipse: the case n < 0
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DiAGRAM 2: The existence of invariant ellipse: the case Cy = 0

Hi5=0

B; and €; (defined below):

12 2
B=JB, Bi()B,=0 ec=J¢ a)e=1,
i=1 i#j j=1

and we define the corresponding invariant subsets B, (i1=1,2,...,12) and éj (j=1,2):
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(%1)297&0517&052#0&750 (%1):731750;A

(%Q)ZH#Oﬁl#OﬁQ#Oﬁg—O (582):’}/3:0,721750;

(B3) : 97&07@7&0,@2—0,@57&07 (%3)3 732750;A

(Ba): 070,81 70,02 =0,05 = (Ba): 7 V3 =0,Ra # 0; R

(’35)297&0& Oﬁﬁ#oﬁﬁéo (%5):5?+5§f0ﬁ4=0,723%0;

(‘36)39750&—056#0@—0 (Be) : 75 = 0,Ra # 0;

(B7) : 97&07@\1—0;@6—07@27&07 (Br) + 5 +7% = 0,Rs # 0;

(Bg): 070,81 =0,6=0,0 =0, (%8)3’7Z+7§A=07R4750;

(‘39)19—0]\[#0&#052750 (Bog) : 76 = 0,Rs # 0;

(%10)19—0]\775051750,32 (Bo) : 76:0R67é9§

(Bu): 6=0,N#0,3 =0, (Bu): 52 +77 = 0,Rs #0;

(B12): 6 =0,N =0, (%m)ﬁﬁ+?=0

(@1 . CQZO,Hlo#O, (Q:l : N7—0,

(Q:Q)ZCQ:O,HH):O, ( ):H12§£0H2:O

Then according to DIAGRAMS 1 and 2, a quadratic system, corresponding to a point a € R'?,
possesses:

e an invariant ellipse which is unique if and only if a € B; N %Z (1 =1,2,...,11); moreover

this ellipse is real (respectively complex) if the corresponding invariant polynomial ﬁs # 0,
(s =1,...,6), which belongs to the set of polynomials defining B, (i=1,2,...,11), is negative
(respectively positive);

e an infinite number of invariant ellipses if and only if either a € Bz N ‘%12 orac &N @-
(j = 1,2). The ellipses could be real or/and complez.

Following [16] here we present the invariant polynomials which according to DIAGRAMS 1 and 2 are
responsible for the existence and the number of invariant ellipses which systems (3) could possess.

First we single out the following five polynomials, basic ingredients in constructing invariant poly-
nomials for systems (3):

Cl(&am7y) :ypl(livy)iqu(xvy), 12051523

Op; . 0g; P19 (5)

Dz(dax7y): ox 87:‘/7 )

As it was shown in [30], these polynomials of degree one in the coefficients of systems (3), are
G L-comitants of these systems. Let f, g € R[a, z,y] and

k
B\ okf ok g
(k) :E _1)h
(f?g) hzo( 1) <h> axk—hayh awhaykfh'

The polynomial (f, g)*) € R[a,z,v] is called the transvectant of index k of (f,g) (cf. [10, 17]).

Theorem 4 (see [33]). Any GL-comitant of systems (3) can be constructed from the elements (5)
by using the operations: +, —, X, and by applying the differential operation (x, *)(k).

Remark 5. We point out that the elements (5) generate the whole set of G L-comitants and hence
also the set of affine comitants as well as the set of T-comitants and CT-comitants (see [23] for
detailed definitions).
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We construct the following G L-comitants of the second degree with respect to the coefficients of
the initial systems:

Ty = (Co, )W, Ty = (Co, Co)V, Ty = (Co, Dy)V,
T, = (C, ), Ty =(C1,C)W, Ty = (Cy, )@, (6)
T; = (C1, Do)V, To = (Co,C2)?, Ty = (Co, Do)V

Using these G L-comitants as well as the polynomials (5) we construct additional invariant poly-
nomials. To be able to directly calculate the values of the invariant polynomials which we need, we
define here for every canonical system a family of T-comitants expressed through C; (i = 0, 1,2) and
D; (j7=1,2):

J 5

(C1, Ts — 2Ty + D3)?) /144,
= [2Co (T — 8Ty — 2D3) + C1(6T7 — T — (C1, T5) V)
+6D1C1 Dy — T5) — 9D7Cs] /36,
E = [D1(2Ty — Tx) — 3(C1, To)"M) — Dy(3T+ + D1D5)]/72,
F = [6D}(D} — 4Ty) + 4D Dy(Ts + 6T7) + 48Co(Da, Ty) Y
— 9D3Ty + 288D E — 24(Cy, D)? + 120(Dy, D))
— 36C (Do, Tr) V) 4 8D (Dy, T5) V] /144,
B= {16D1(D2, T3) M (3C1 Dy — 2Co Dy + 4T3) + 32Co(Da, To) M (3D Dy — 5T + 9T)

) S

+2(Do, Ty) V(2701 Ty — 18C1 D} — 32D1 Ty + 32(Co, T5) M)
£ 6(Dy, T5) V) [SCO(Tg —12Ty) — 1204 (D1 Dy + T4) + D1 (2605 Dy + 32T5)
+ Co(9Ty + 96T3)} + 6(Dy, Tg) M [3200T9 — C1 (12T + 52D Dy) — 32C, D?
+ 48D5(Dy, T1)V(2D2 — Tg) — 32D, Tx (Do, To) Y + 9D2Ty(Ts — 2T%)
—16D1(Cy, T) W (D? + 4T3) + 12D (C1, Tz)? (CL Dy — 2C5D1)
+ 6D, DoTy(Ty — 7TD3 — 42Ty) 4 12D1(C1, Ty) (T4 + 2D, Do) + 96 D3[ D1 (Cy, T) ™
+ Dy(Co, Ts) W] — 16Dy D, T5(2D5 + 3Tx) — 4D Do(D3 + 3T + 6Ty)
+6D3D3(TTs + 2T7)252D1D2T4T9} /(283%),
K = (Ts + 4Ty + 4D3) /72, H = (8T — Ts + 2D3)/72.

In addition to (5) and (6) these polynomials will serve as bricks in constructing affine invariant
polynomials for systems (3).

In paper [5] it was proved that the minimal polynomial basis of affine invariants up to degree 12
contains 42 elements, denoted by A1,..., A4o. Here, using the above bricks, we present some of these

basic elements which are necessary for the construction of the invariant polynomials we need.
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Al = A4, A2 - (027-5)(3)/127 A3 - [[027DQ)(1)7D2)(1)7D2)(1)/487
oH®, A= (HEK)P)2, A= (EH)P)2,

Ay = ( —

Az = [0, BY®.D))Vys,  As = [D,B)?,Dy) /s, Ag = [[D, D)V, Dy) Y,
Ap=[[D.K)® D)8, Ay =(F, )P/, Ap=(F, /4,

Az = [[02’ﬁ)(1)>ﬁ)(2),D2)(1)/24, A= (B,0)® /36, Ays = (B, )2 /4,

Ay = [D,D)?, D)V D) V6s,  Ass = [D, ), Do)M /16,

A = [D, D)2, H)P /16, A= [Co, D)2, F)? /16, Ay = [[D, D), K)? 16,
Ay = 111@[[0275)(1),Dg)“),DQ)(”,Dg)(”Dz)(”, Ay — [[ﬁ,ff)“),f?)@)/g,

Ay = [[C2, D), KV 1) 32, Ay = [[D.D)® K)Y, 1) 6,

Agz = [[D, D)2, D)V, B)V, D))V 64, Ay = [D, Do)V, )M, D)V, )P /128,
Ass = [B, D)2, D)V, RV, D)V j6s,  Ags = [[Co, D)@, D)2, D), 1) f64,
As = [B, D)2, YV, )P 64, Ay = [Co, D), D)®, F), D,) V64,

Ay = [[f),ﬁ)@),F)(l),Dg)(l)/16

In the above list the bracket “ [[” means a succession of two or up to five parentheses “(” depending
on the row it appears.

Using the elements of the minimal polynomial basis given above we construct the affine invariant
polynomials:

(@) = A}(3Ag + 2A7) — 244(As + A1),

Ao(a) = 9AT A9(23252A3 + 23689A4) — 1440A2A5(3A10 + 13A11)
—1280A13(2A17 + A1g + 23A19 — 4450) — 320A24(50Ag + 341
+ 45411 — 18419) + 1204, Ag(6718Ag + 4033 Ag + 354241,
+ 2786 A12) + 3041 A15(14980 A3 — 202944 — 48266 A45)
— 304, A7(76626 A3 — 15173 Ag + 11797 A1 + 16427A1; — 30153 A1)
+ 842 A7(T5515A¢ — 32954 A7) + 245 A3(33057Ag — 98759 A15)
— 60480 A% Aoy + A9 A4(68605A5 — 131816 A9 + 131073 A0 + 129953 A1)
— 2A5(141267A2 — 208741 A5 A1 + 320042 A13),

A3(a) = 843696 A5 Ag A1 + A1 (—27(689078 Ag + 419172 A9 — 2907149 A,
— 2621619A11) A13 — 26(21057 A3 Aoz + 49005 A4 Aoz — 166774 A3 Aoy
+ 11564144 Asy4)),
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Au(a@) = —488A3 A, + Aa(12(4468 A2 + 32A2 — 915A%) + 32049 A1 — 3898A19A 1
— 333143, + 245(78Ag + 199419 + 2433A11)) + 2A45(25488A 15
— 60259 A19 — 16824 A51) + 77944 A21) + 4(7380 410431
— 24(A10 + 41A11) A3 + Ag(33453A31 + 19588 A3y — 468 A33 — 19120 A34)
+96Ag(—Asz 4+ Asy) + 556 A4 A4 — A5(27773 Asg + 41538 Asg
— 2304 A4 + 5544 A4)),

Ys(a) = Aga,

Jo(a) = A1(64A3 — 541A4) A7 + 86Ag A1z + 128 Ag A3 — 54A10A13

— 128 A3 Ao + 256 A5 Agg + 101 A3 A9 — 27 A4 Asy,

= Ay[2A43(As — 11A410) — 1842 — 9A4(2Ag + A1o) + 2243 A2 + 26410 A2,

= 12A% + 1245 + 5A10 + 17Aq1,
3A2 — 2A8 - 2A12a

©

—

[\

w

ot

[«

= 24A3 + 11A4 + 2045,

= 41Ag + 44Ag + 324,

= 0Ag[5A46(A10 + A11) — 2A7(12A7 + Ag + A1o) — 2A;1 (Ao — Aos)
+ 2A5(A14 + Ars) + As(9A4s + TA12)],

3

)y o) o) ) E) o) ) ) 2
:::::@::::::
i
.
S

) ™

R2(a) = B1Bs(2410 — As — Ay),

R3(a@) = B2 [A9(80A3 — 3A4 — 54A5) — 80Azz + T08A23 — 324A04],
Ra(@) = Ty,

Rs(@) = 1242 + 12Ag + 5Ayo + 17411,

Re(a) = 2419 — Ag — Ay,

R7(a) = 4As — 34,

—Ag(A142 — 2415) (3AT — 245 — 2A1,),
vo = A1(—461A49A4 + 18343 A5 — 296 Aoy + 122A04) + A4 (46T A1y + 922A,5)
+ 2A6(553As + 18349 — 100A19 — 39A11 + 144A15)
+ A7(5790AT — 153145 — 140Ag + 177 A1 + 94T A1 — 2791415),
= A4(18A47 — 5As + Ao + 3A11 — 9A1),
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We remark that the last six invariant polynomials Hs, Hg to Hi2, and N7 are constructed in [27],
whereas F and T3 are defined in [32].

Next we construct the following T-comitants (for the definition of T-comitants see [24]) which are

responsible for the existence of invariant straight lines of systems (3):

Bs(a,z,y) = (Cg,ﬁ)(l) = Jacob(C’g,lA?),
Bs(a,z.y) = (B3, B3)'® — 6B3(Ca, D), (7)
Bi(@) = Res, (02, 13) /0 = —279378(By, B3)™.

Lemma 2 (see [23]). For the existence of invariant straight lines in one (respectively 2; 3 distinct)
directions in the affine plane it is necessary that By = 0 (respectively By = 0; B3 =0).

At the moment we only have necessary and not necessary and sufficient conditions for the existence

of an invariant straight line or for invariant lines in two or three directions.

Let us apply the translation x = 2’ + xg, y = 3 + yo to the polynomials p(a, z,y) and q(a,z,y).
Then we obtain ﬁ(&(aa Zo, y0)7 xla y/) = p(d7 $/+[E0, y/+y0)a (j(d<a7 Zo, y0)7 1,/’ y/) - q(a'a .’IJ/+.ZL'0, y/+y0)
Let us construct the following polynomials

Fz(dv o, yO) = Resy (Cl (d(d, o, y0)7 .ZU/, y,)a Co (&(da Zo, y0)7 xla y/)> /(y/)H—l?

Fi(&vx())y(]) S R[d,fL’O,?/O]a 1= 172

We denote

gl(d7x7y) = Fi(d,$0790 S R[d7x)y]7 1= 172

) ‘{xo=x, Yo=Yy}

Remark 6. We note that the polynomials & (a,x,y) and Ex(a,x,y) are affine comitants of systems
(3) and they are homogeneous polynomials in the coefficients a,b,c,d,e, f,g,h,k,l,m,n and non-
homogeneous in x,y and degac‘fl =3, deg(Ly)gl =5, degdgg =4, deg(m’y)c‘fg =6.
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Let &(a, X,Y, Z), i = 1,2, be the homogenization of & (a, z,y), i.e.
&(a,X,Y,Z) = Z°6(a, X/2,Y[Z), &(a,X,Y,Z) = Z%(a,X/2,Y/Z)
The geometrical meaning of these affine comitants is given by the following lemma (see [23]):

Lemma 3 (see [23]). (1) The straight line L(z,y) = ux + vy +w = 0, u,v,w € C, (u,v) # (0,0) is
an invariant line for a quadratic system (3) if and only if the polynomial L(x,y) is a common factor
of the polynomials gl(d,:c, y) and gg(d,x, y) over C, i.e.

Ei(a,z,y) = (ux + vy +w)Wi(z,y), i=1,2,

where Wi(z,y) € Clz, ).
(2) If L(x,y) = 0 is an invariant straight line of multiplicity X for a quadratic system (3), then
[L(z, )] | ged (1, &) in Clx,y], i.e. there exist Wi(a,z,y) € Clz,y], i = 1,2, such that

Ei(a,z,y) = (ux + vy +w) Wi((a), z,y), i=1,2.
(3) If the line loo : Z = 0 is of multiplicity X > 1, then Z*~" | gcd(E1, E).

The invariant polynomials N (a,x,y) and 6(a), defined on page 18, are responsible for detecting
parallel invariant lines as we can see in the following lemma.

Lemma 4 (see [23]). A necessary condition for the existence of one couple (respectively two couples)
of parallel invariant straight lines of a system (3) corresponding to a € R'? is the condition 0(a) = 0
(respectively N(a,x,y) =0).

Now we introduce some important G L-comitants in the study of the invariant conics. Considering
Cy(a, z,y) = ypa(a,z,y) — xq2(a, x,y) as a cubic binary form of z and y we calculate

n(a) = Discrim[Cy, €], M(a,x,y) = Hessian[Cs),
where £ = y/x or £ = x/y.

Lemma 5 ([29]). The number of infinite singularities (real and complex) of a quadratic system in
QS s determined by the following conditions:

(i) 3 real if n > 0;

(ii) 1 real and 2 imaginary if n < 0;
(iii) 2 real if n =0 and M # 0;
(iv) 1 real if n =M =0 and Cy # 0;

(v) o0 ifn=M = Cs=0.
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Moreover, for each one of these cases the quadratic systems (3) can be brought via a linear transfor-
mation to one of the following 5 canonical systems:

& = a+cx+dy+gx®+ (h—1)xy, (s))
g = btex+fy+(g—ay+hy* !
& = a+cx+dy+gr®+ (h+ 1)y, (1)
g = b+tex+ fy—a®+gry+ hy? n
& = a+cx+dy+ gr®+ hay, (Sur)
g = btex+ fy+(g—Day+hy? "
& = a+cx+dy+ g’ + hay, (Sn)
v = btexr+ fy—a®+ gry+ hy?; v
& = a+cx+dy+ 3, (Sv)
y = bt+ex+ fy+zxy. v

3 Configurations of invariant ellipses for the classes QSE(, ., and
QSE,—o)

Theorem 5. Consider the classes QSE o) and QSEc,—¢) of all non-degenerate quadratic dif-
ferential systems (3) possessing one real and two complex singularities at infinity, and the quadratic
differential systems possessing the line at infinity filled up with singularities, respectively.

(A) These families are classified according to the configurations of invariant ellipses and of in-
variant straight lines of the systems, yielding 30 distinct such configurations for the class QSE, o)
and 5 for the class QSEc,—g). This geometric classification appears in DIAGRAMS 3 and 4. More
precisely:

(A1) For the class QSE, o), there exist exactly 3 configurations of systems possessing an infinite
number of ellipses. More precisely two of them contain only real ellipses and the third one
contains simultaneously an infinite number of real and an infinite number of complex ellipses.
The remaining 27 configurations possess exactly one invariant ellipse, (real for 21 of them) or
complex (for another 6).

(A2) For the class QSE(c,—o) all the 5 configurations of systems possess an infinite number of
ellipses (four of them with three simple invariant lines and one of them with a triple invariant
line). More precisely three of the configurations contain only real ellipses, one contains only
complex ones and the remaining configuration contains simultaneously an infinite number of
real and an infinite number of complex ellipses.

(B) The bifurcation diagrams for systems in QSE(,<q) and QSEc,—g) done in the coefficient
space R'2 in terms of invariant polynomials appear in DIAGRAMS 5 to 7. In these diagrams we have
necessary and sufficient conditions for the realization of each one of the configurations.
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DiacraM 3: Configurations with one invariant ellipse

Remark 7. We note that on the expressions of the divisors IC'D and I LD as well of the zero-cycles
MSyo and MSaqg appearing in DIAGRAMS & and 4, we can read their types help in this classification
and furthermore they are affinely invariant.
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onfig. E.19
MSoc=U . @

Config. E.17
MSyc= U+81+82 "
Config. E.10
]\/[SQC:U+Z’1+82+S3
nfig. E.11

0
MSoc =U+251+%52+53 .
ICD=E+L+Loo
Config. E.12
MSoc =U +281+ 55+ 53
8

el Config. E.1
]\/[SOC:U+382+83
, Config. E.13
]WSOCZQU-F%l-l—éQ
L
Co

nfig. E.14
MSyo = 2U+2s1+52
(1)

(1)

c Config. E.20
As IC’D:5+L+LOO
[N.=1]
Config. .24
ICD=E+2Lx
(1)
Config. E.25
c
ICD=E+2L0

Config. E.26
ICD=E+ L1+ Lo+ Loo

(0)

Config. E.27

ICD:§+E1+22+£OO‘

A,

DIAGRAM 3: (Cont.) Configurations with one invariant ellipse

Proof of part (A). We prove part (A) under the assumption that part (B) is already proved. Later
we prove part (B).



(1) Config. E.91

A[S(‘)AC[ =51+82+8S3

ILD=L1+Lo+ L3

Config. E.35

MSH = 51459

MSyl =s

ILDZZl +Zg +L3

TQASf
MSyl=0

Config. E.32

Neg=oco| ILD=3L

Ll | ol
M8l =51 +53

A\

c [ c c
ILD=L1+L1+ Lo+ Lo+ L3

Af _lills | llls Config. E.28

Config. E.29

ILD=2L1+2Lo+L3 4P

DiacrAM 4: Configurations with a family of invariant ellipses

We first need to make sure that the concepts introduced above gave us a sufficient number of
invariants under the action of the affine group and time rescaling so as to be able to classify geo-
metrically the classes QSE(, o) and QSE,—g) according to their configurations of their invariant
ellipses and lines.

Fixing the values of N. and using the types of the divisors IC'D in DIAGRAM 3 (respectively ILD
in DIAGRAM 4) we split all the corresponding configurations in 8 (respectively in 5) groups. We
observe that some groups have only one configuration. For the groups which possess more than one
configuration we use the types of zero-cycles MSyc and MS{;‘C{[ , correspondingly. This suffices for
distinguishing all the configurations.

As a result we obtain the 35 geometric configurations displayed in DIAGRAMS 3 and 4. This proves
statement (A) of this theorem. B

Proof of part (B). According to [16] a quadratic system could have an invariant ellipse only if
71 =72 = 0 and either n < 0 or Cy = 0. We examine the cases n < 0 and Cy = 0 separately.
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ﬂ»Conﬁg. E.1
1 <0

&» Config. E.2

1/2:0

T=0

Config. E.3

#0701 =0 Config. E.4

v >0 Config. E.5

B £0

1/2750
—l—C .E.6
v <0 onfig

I/QZO

Config. E.7

=0 |y =

R Config. E.8
R1<0

u» Config. E.9

D#0

vy £0 Config. E.10

po7#0 D=0 Config. E.11

7/2:0

Config. E.12

VQ#O

Config. E.13

po=0

VQZO

Config. E.14

po7#0

R1>0 Config. E.15

po=0

Config. E.16

I/Q#O

Config. E.1

v <0 T£0

Config. E.2

VQZO

T=0

Config. E.3

V1=
5170 ! Config. E./

v >0 Config. E.5

7/?\,]<0

0
L Config. E.10

VQZO

Config. E.12

[Ri>0 | Config. E.15

(B3)

Ay (next page)

DIAGRAM 5: Bifurcation diagram in R!? of the configurations: Case 1 < 0, 6 # 0
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v3<0

Config. E.17
Re<0 V3= Config. E.18

B: v3>0
(B) 3 Config. E.19

R2>0 Config. E.20

Config. E.17

Ry<0  |v3=0

Config. .18

Config. E.19

R2>0 | Config. E.20

D #£0

11020 Config. E.1

D=0

Ry <0 Config. E.21

to=0

Config. E.22

o #0

Config. E.15

7/%3 >0

po=0

Config. £.23

Re<0 | Config. E.17

‘7%2>0

Config. E.20
D+#0

N Config. E. 1
R3<0 ﬁq

D=0

Config. E.21

Rs>0 | Config. E.15

Ra<0 | Config. E.17

Ra>0 | Config. E.20

DIAGRAM 5: (Cont.) Bifurcation diagram in R!? of the configurations: Case n < 0, § # 0

3.1 The case n <0

According to Lemma 5 a quadratic system with the condition n < 0 could be brought via an affine
transformation and time rescaling to the following canonical form:
i =a+ cx +dy + gz + (h+ 1)y,

8
y:b+ex+fy—x2+ga:y+hy2, ®

with Cy = x(2? + y?), i.e. this system possesses at infinity one real and two complex infinity singu-
larities. Following DIAGRAM 1 (see also [16]) we discuss two subcases: 6 # 0 and 6 = 0.
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VQ#O

v <0 Config. E. 1
vz =0 Config. E.2
N b=
R5<0 ! Config. E.4
B
() u» Config. E.5
Rs=0 Config. E.15
Re<0__ Config. B.2
EE— g. B.24
(B10)
n<0 Re>0 | Config. E.25
0=0
7,?\,3 <0
Config. £.26
(B11) fig
Rs>0 Config. E.277
R7<0 Config. E£.28
B R-—
(Br2) IR7=0 Config. E.29

[Re>0 | Config. E.30
DIAGRAM 6: Bifurcation diagram in R'? of the configurations: Case 1 < 0, § =0

Hyg<0

Config. E.31
(€1)  |Ho=

Config. E.32

Co=0 M Config. E.33

M» Config. E.34

Hqy1>0
>0, Config. E.35

(€2)

DIAGRAM T7: Bifurcation diagram in R'? of the configurations: Case Cy = 0

3.1.1 The subcase 0 # 0

We examine step by step each one of the possibilities presented in Corollary 1.

3.1.1.1 The possibility (8;): B1B2Bs # 0. As it was proved in [16] in this case by an affine
transformation and time rescaling, systems (8) could be brought to the canonical form

i=a+dy+ gz*+ (h+ 1)zy,

h
g= 2 —de— a2+ gay+ by, g #0,
g

(9)
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which possesses an invariant conic
(r,y) = = +a” +y = 0. (10)
g
This conic is irreducible if and only if a # 0. For the above systems we calculate

0=h+1)[>+(h—1)%/2, Bi=-d*[¢*+ (h—1)?][9¢*+ (3h +1)*] /16,

Be=—g[9¢% + (3h +1)%]/2, B3 = (3h — 1)[9¢* + (3h + 5)?] /2, 1

and therefore we conclude that for the above systems the condition 031 32337%1 = 0 is equivalent to
the condition
adg(h +1)(3h — 1) # 0. (12)

We observe that

R1 = 3agd®(1+ h)?[g> + (h — 1)?]"[9¢ + (3h + 1)?] /128 = sign (ag) = sign (R,).

3.1.1.1.1 The case R; <0. Then ag < 0 and clearly the ellipse (10) is real.

Taking into account Lemma 2 we examine if systems (9) could possess at least one invariant line.
Calculations yield

a? 2
By = —?(92 +h2)[g? + (h = 1)*] [a(h + 1)? + d?g], (13)
and we consider two subcases: By # 0 and B; = 0.

1) The subcase By # 0. Then by Lemma 2 systems (9) could not possess invariant lines. For these
systems we calculate pg = —h[g2 + (h+ 1)2] and we examine two possibilities: pg # 0 and pg = 0.

a) The possibility po # 0. Then by Lemma 1 the systems have finite singularities of total multi-
plicity 4. We detect that two of these singularities are located on the ellipse (10), more exactly such
singularities are M o (a:LQ, y1,2) with

d(h+1)+ V7 o — dg* ¥ (h+ 1)VZ;
P12 T g2y (h+1)2]

Ti2 = — Zy = —g{a [¢* + (1+h)*] + dzg}. (14)

Other two singularities of systems (9) are Ms4(234,ys.4) (generically located outside the ellipse)

with
dg ++/Z dg ++/Z
ppa= - WEVE VD g i+ dan) (15)
g 2h
On the other hand for systems (9) we calculate
vi = —d*[g® + (h—1)?)*[9¢% + (3h + 1)%] Z1/256. (16)

We observe that
sign (v1) = —sign (Z1),

and this means that this invariant polynomial is responsible for what kind of singularities are M o:
are they real or complex, distinct or coinciding.
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a.1) The case v < 0. Then Z; > 0 and we obtain that the singularities M; 2 located on the
invariant ellipse are real. We need to determine the conditions when at least one of the singularities
M3 4 will also lie on the ellipse. For this, considering (10), we calculate

g (9° +h?) £d(g* + h?) /g (4ah + d2g) + 2ah (g + B + h)

(I)(x’y)’{x=l‘3,4, Y=y3 4} 2gh2
= Q3,4(a7 g, h)
It is clear that at least one of the singularities M3(z3,y3) or My(x4,ys) belongs to the ellipse (10) if
and only if
aZg 2
W= 515 =0 Zs=dg(g"+ 1) +alg+ 0 +h)".

On the other hand for systems (9) we have
vy = —105d [9g° + (3h + 1)?] Zs, (17)

and clearly by (12) the condition v = 0 is equivalent to Z3 = 0. So we conclude that the following
remark is valid:

Remark 8. Assume that for systems (9) the conditions (12) and h # 0 (i.e. uo # 0) hold. Then at
least one of the singularities Ms, My belongs to the ellipse if and only if vo = 0.

Next we examine two subcases: v # 0 and v5 = 0.

«) The subcase vy # 0. In this case we have Config. E.1 since another singularity belongs to ellipse
if and only if v, = 0 (example: a = 1,d = —1,9 = —1,h = —2).

B) The subcase vo = 0. In this case we have Z3 = 0, i.e. at least one of the two other singular
points will also lie on the ellipse. Moreover g% 4+ h? + h # 0 otherwise we obtain a contradiction with
d29 (92 + h2)
(9% + h2+h)*
two singularities coalesce, namely My = Ms and considering the coordinates of M;,i = 1,2, 3,4, we

the conditions stated at (12). So the condition Z3 = 0 implies a = — In this case

obtain three singularities

(ry.g0) = [ bt 2+ 1)(g" + 1) dg (¢° +h? — 1)
T @R DR+ 1 (R R [+ (bt 1)

and

(enpa) = (- dg (25.43) = Cd(g°+h?)  dg(g*+h?)
22 PR+ h Gt hi+n) B P+ +h h(Z+hi+h) )’

Therefore we have located on the ellipse a double singularity Ms and a simple singularity M;. On
the other hand we have
D) sy = P(g* + D) (g* +h* = h) _ P(g®+ 025
Y {z=a3,y=ys} h2(g% + h + h?) h2(g2 + h + h?)

Thus we conclude that the singularity M3 will belong to the ellipse if and only if Z} = 0. Now taking
into consideration Proposition 1 (see TABLE 1), for systems (9) in this case we calculate
12d%> (Zé)Q 2 2 2 2 2 2 2
D=0, T= —hr—=x r+h x +h“+1)+h +h*—1)|",
EEETE (9y ) (g y)” gz (g )+ hy (g )]
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and due to (12) the condition T = 0 is equivalent to Z§ = 0, i.e. the invariant polynomial T indicates
if the third singularity belongs to the ellipse or not. We discuss two possibilities:

(3.1) The possibility T # 0. In this case we obtain Config. E.2 (example: a = 5/9,d = —1,g9 =
—1,h=-2).

B.2) The possibility T = 0. In this case we have Z5 = 0, ie. g%> + h? = h. Substituting this
expression in the coordinates (x3,y3) we obtain that Mjs coincides with M. So we deduce that we

have one triple and one simple singularities located on the ellipse. As a result we arrive at Config. E.3
(example: a = —1,d = —1,9 =4/17,h = 1/17).

a.2) The case v; = 0. In this case we have Z; = 0 (see (14)), i.e. the two singularities which
belong to the ellipse coalesce. On the other hand the two singularities which are located outside the

d2
ellipse remains outside the ellipse because the condition Z; = 0 implies a = —2—92 and for
9>+ (h+1)
d2 3
this value of the parameter a we obtain Z3 = 2—92 # 0. In such a way we get Config. E.4
9>+ (h+1)

(example: a =1/2,d = —1,9g = —1,h = —2).

a.3) The case v > 0. Then Z; < 0, i.e. the two singularities which belong to the ellipse are
complex. We note that the condition Z; < 0 implies Z3 # 0, because if Z3 = 0 we found Z; =

% > 0. This leads to Config. E.5 (example: a =1/4,d =—1,9=—1,h = —2).

We claim that in this configuration the invariant ellipse is a limit cycle drown in diagram in
boldface (see Remark 2 (b)). Indeed taking into consideration Theorem 3 (see statement (B1)) we
conclude that in the case under examination for the existence of limit cycles the following conditions
must be satisfied:

n<0, 0515aBs #0, 71 =72 =0, R1 <0, T3F <0. (18)

Clearly all the conditions are satisfied except the last one. So it remains to verify that 73F < 0 is
fulfilled, too. For systems (9) we calculate

1
ToF == 5’9 [(99° + (3h +1)°]" (ag® + ah’ + 2ah +a + &)

v 22—51/)6d4g (8 + (h— 12 [(9¢% + (3h + 1)?]* (ag® + ah® + 2ah + a + d%g) ,

and evidently the condition v; > 0 implies 73F < 0. This completes the proof of our claim.

b) The possibility o = 0. This condition implies h = 0 and the condition (12) becomes adg # 0.
In this case we obtain u; = dg(g? + 1)z # 0. According to Lemma 1 we conclude that exactly one
of the four finite singularities has gone to infinity and coalesced with the real infinity singularity. So
we obtain one real infinite singularity of multiplicity two which is of type (1,1) (i.e. one finite and
one infinity singularities coalesced, see Remark 2).

For h = 0 considering the coordinates of Mj o (:Ul,g,yLz) (see (14)) we obtain that these two
singularities remain located on the ellipse (10). On the other hand from (15) it is not so difficult to
determine that the singularity M3 has gone to infinity and a straightforward calculation gives us the
coordinates of the fourth singularity: My (0, —3)

Again we consider the value of 1 and we examine three cases:
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b.1) The case v; < 0. Then we have Z; > 0 and this implies the existence of two real distinct
singularities located on the ellipse. On the other hand considering (10) we have

a (d2 + ag)
q)<xay)’{a::x4,y:y4} = Tg:

and since a # 0 the singularity My belongs to the ellipse if and only if d?> + ag = 0. Calculating

vy = —105dg> (992 + 1) (d2 + ag) we conclude that the singularity M4 will belong to the ellipse if
and only if 15 = 0. So we discuss two subcases: v5 # 0 and v5 = 0.

o) The subcase vo # 0. Then the singularity M, remains outside the ellipse and we arrive at
Config. E.6 (example: a =5/8,d = —1,9 = —1).
2
B) The subcase vy = 0. This implies a = —— and we obtain that the singularity M, coincides
9
with Ms. As a result we arrive at Config. E.7 (example: a = —1,d = —1,9 = 1).
2

b.2) The case vi = 0. In this case we have Z; = 0, i.e. a = —— 1 (see (14)) and there-

fore the two singularities which belong to the ellipse coalesce. On the other hand we calculate

105d%g® (9¢% + 1)
9> +1

Config. E.8 (example: a =1/2,d = —1,9g = —1).

vy = # 0 and this means that M, remains outside the ellipse. So we arrive at

b.3) The case v > 0. In this case we have Z; < 0, i.e. the two singularities which belong to the
ellipse are complex. On the other hand this fact implies that vo # 0. Therefore we have Config. E.9
(example: a =1/4,d = —1,9 = —1).

We claim that in this configuration the invariant ellipse is a limit cycle, too (see Remark 2 (b)).
For this it is sufficient to show that the conditions (18) are satisfied in this particular case, when
po =0 (i.e. h = 0). Indeed, for systems (9) with h = 0 we obtain

1
ToF == 59 (99° +1)° (ag® + a + d’) |
1
v =5eed' (9% +1)° (97 +1)° (ag” +a + &)
and clearly the condition v1 > 0 implies 73F < 0, i.e. our claim is proved.

2) The subcase By = 0. Considering the condition (12) we obtain that By = 0 (see (13)) is
2

d
ﬁ which implies the existence of the invariant line

equivalent to a = —
L(z,y)=(h+1)z+d=0. (19)
On the other hand for this value of the parameter a we obtain

648" [g° + (h = 1)2]” (g% + h?) 2
(h+1)4 ’

5 =

which is nonzero due to condition (12). It follows from Lemma 2 and Lemma 4 that the conditions
By =0, By # 0 and 6 # 0 implies that there exists at most one simple invariant straight line of
systems (9). On the other hand for these systems we have po = —h [g> 4+ (h + 1)?] and we examine
two possibilities: pg # 0 and pg = 0.
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a) The possibility yi9 # 0. Then the condition py = —h[g* + (h + 1)?] # 0 gives h # 0 and
considering condition (12) by Lemma 1 the systems (9) have finite singularities of total multiplicity
4. Taking into account the coordinates of the singularities M; j(x; j, i) (i = j = 1,2,3,4) mentioned
earlier (see page 27) in this particular case these singularities have the following real coordinates

(21,91) = (_ d O> (22,4) = dlg* — (h+1)?] 2dg
VW= " ” ) PR T D2+ D @2+ (h+ 12 ) 20)
(2 )= _dh dg (@ )= (- d dg
3,Y3) = h+17h+1 ) 4,Y4) = h+17h(h+1) .
d*g - :
We observe that due to a = —m the invariant ellipse for systems (9) becomes
d2

o =2yt
(z,y) =2"+y e

As it was shown earlier, the singularities M o (56‘1,2, y172) are located on the ellipse and the sin-
gularities M3 4 (x374,y3,4) are generically located outside the ellipse. We also determine that the
singularities M7 and My are located on the invariant line. On the other hand in generic case the
singularities My and M3 could not belong to the line since calculations yield

2dg?

L(z2,y2) = m,

L(x3,y3) = d(1 —h).
Due to the condition (12) we get L£(x2,y2) # 0, i.e. the ellipse and the invariant line have M; as the
unique common point at which a line is tangent to the ellipse.

Considering Remark 8 we conclude that one of the singularities M3 or My belongs to the ellipse if
and only if 15 = 0. So, in what follows we discuss two cases: vo # 0 and vy = 0.

a.l) The case vy # 0. Then according to Remark 8 neither the singularity Ms nor My could
belong to the ellipse. On the other hand the singularity My is located on the invariant line whereas
the singularity M3 belongs to the invariant line if and only if L(z3,y3) = d(1 — h) = 0. Due to
d # 0 we obtain the condition A = 1. We observe that this condition is governed by the invariant

2
polynomial D because for systems (9) in the case a = _(hcj—gl)2 we calculate
10543 (g% + h% — 1) [9¢2 + (3h + 1)?] 19285 (h —1)% (g% + h% — 1)*
vy = ) , D=- ) ) (21)
(h+1) (h+1)

and due to the condition vo # 0 we obtain that the condition D = 0 is equivalent to h = 1. We
examine two subcases: D # 0 and D = 0.

«) The subcase D # 0. Then h # 1, i.e. the singularity M3 remains outside the invariant curves
and this leads to Config. E.10 (example: d = —1,g =1,h = —2).

B) The subcase D = 0. In this case we have h = 1 and considering (15) we obtain that M;
coalesces with My which is located on the invariant line and we arrive at Config. E.11 (example:
d=1,g=1,h=1).
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a.2) The case v = 0. Due to (12), from (21) we obtain that the condition v5 = 0 gives g>+h?—1 =
0. This implies D = 0, and moreover we have h # 1 due to g # 0. We observe that setting g?> = 1 —h?
in the expressions of the coordinates of (z2, y2) from (20) we obtain that (x2,y2) = (3, ¥3). So on the
ellipse we get a double singularity and this leads to Config. E.12 (example: d = —1,9 = v/3/2,h =
—1/2).

b) The possibility po = 0. Then the condition p1g = —h[g? + (h + 1)?] = 0 implies h = 0 and we
obtain u; = dg(g? + 1)z # 0. According to Lemma 1 we conclude that exactly one of the four finite
singularities has gone to infinity and coalesced with the real infinite singularity. So we obtain one
real infinite singularity of multiplicity two which is of type (1,1) (see Remark 2). Considering the
coordinates of the finite singularities given in (20) we observe that M, has gone to infinity along the
invariant line £ = 0 and the remaining real finite singularities are

d(gQ—l) 2dg
g?+1 Tg2+1

(z1,41) = (=d,0), (:vz’yz)=< > (3, y3) = (0, dg). (22)

In order to determine the position of the singularity M3 we calculate

L(zs,y3) =d, ®(z3,y3) = d*(g> — 1).

Due to the condition (12) we obtain L(z3,y3) # 0, i.e. M3 could not belong to the invariant line.
On the other hand ®(z3,y3) = 0 if and only if g> — 1 = 0. We observe that systems (9) in the case
under examination (i.e. h = 0 and a = —d?g) become

i =—d’g+dy+ gz* +zy, §=—dx+ gry— x> (23)

We determine that the condition g — 1 = 0 is equivalent to vo = 0 because for the above systems
we have
vo =105d°g% (99 + 1) (¢* — 1) .

So we discuss two cases: v # 0 and vy = 0.

b.1) The case vy # 0. In this case the singularity M3 remains outside the invariant curves and this
leads to Config. E.13 (example: d = —1,9 = —2,h = 0).

b.2) The case v, = 0. This implies ¢ = +1. However we can consider g = 1 due to the rescaling
(x,y,t) = (z,—y,—t) in systems (23) which changes the sign of the parameter g. In this case
considering (22) we obtain (x3,y3) = (z2,y2) and as a result we get Config. E.14 (example: d =
—1,g=1,h=0).

3.1.1.1.2 The case R; > 0. This condition implies ag > 0 and clearly the ellipse (10) is
complex. On the other hand considering (13) we observe that for systems (9) the conditions (12)
and ag > 0 imply B; # 0. Then by Lemma 2 systems (9) could not possess invariant lines.

For these systems we calculate g = —h [92 + (h+ 1)2] and we examine two subcases: o # 0 and
o = 0.

1) The subcase pg # 0. Then by Lemma 1, systems (9) have finite singularities of total multiplicity
4 and their coordinates are given in (14). We observe that the condition ag > 0 implies Z; < 0, i.e.

32



the singularities M o (:CLQ, y172) are complex and as it was proved earlier they belong to the complex
ellipse.

On the other hand the condition ag > 0 implies Z3 = d?g (92 + h2) +a (92 +h%+ h)2 # 0. This
fact implies that the singularities M3 4 ($374, y374) remain outside the complex ellipse. Therefore the
unique possible configuration is Config. E.15 (example: a = —1,d = —1,9g = —1,h = —2).

2) The subcase o = 0. This condition implies » = 0. In this case we obtain y; = dg(g? + 1)z # 0
and by Lemma 1 only one finite singularity coalesced with the real infinite singularity which has
multiplicity (1, 1) (see Remark 2). Therefore we arrive at Config. E.16 (example: a = —1,d = —1,g =
—1).

Thus, we have all the configurations indicated in DIAGRAM 5 in the block corresponding to the
possibility (B;).

3.1.1.2 The possibility (8,): ,@152 #* 0,33 = 0. According to [16] in this case by an affine
transformation and time rescaling systems (8) could be brought to the canonical form (9) with
h =1/3, i.e. we get a subfamily of (9) which was investigated in the previous subsection. As it was
shown, for h # 1/3 systems (9) possess 16 configurations Config. E.1 - Config. E.16. Moreover it
is necessary to highlight that the value h = 1/3 is not a bifurcation value for distinguishing these
configurations.

It remains to find out which conditions defining each one of the configurations are compatible in
this case. We claim that the configurations (i) Config. E.6 - Config. E.9, Config. E.13, Config. E.14,
Config. E.16 and (ii) Config. E.11, could not be realizable for systems (9) with h = 1/3.

Indeed, for each one of the configuration from the group (i) condition up = 0 is necessary. However,
for h = 1/3 we have py = — (992 + 16) /27 # 0, i.e. the configurations from the group (i) could not
be realized for h = 1/3.

Secondly, as it was shown in the previous subsection, a system (9) possesses the configuration
Config. E.11 if and only if the following conditions hold:

Blzoa MO#Ov VQ#Ou D =0.

However, in the case h = 1/3 the condition By = 0 yields a = — (9d29) /16 and then we calculate

1058 (997~ 8) (992 +4) 27" (99° - 8)°

= 16 ’ 256

Evidently, the condition 5 # 0 implies D # 0, and this completes the proof of our claim.

Therefore in this case (i.e. for h = 1/3) we have Config. E.1 (example: a = 1,d = —1,9 = —1),
Config. E.2 (example: a = 90/169,d = —1,g9 = —1), Config. E.3 (example: a = v/2/4,d = —1,g9 =
—/2/3), Config. E.4 (example: a = 9/25,d = —1,9 = —1), Config. E.5 (example: a = 1/4,d =
—1,9 = —1), Config. E.10 (example: a = —1,d = —1,g9 = 1/2), Config. E.12 (example: a = —1,d =
—1,9 = 2v/2/3) and Config. E.15 (example: a = —1,d = —1,g = —1).

Next we discuss the existence of limit cycle for this subfamily of systems (9) defined by h = 1/3.
We observe that due to 33 = 0 the conditions (18) are not satisfied. On the other hand according to
Theorem 3, statement (Bgz) we have the following necessary and sufficient conditions for existence
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of limit cycles:
n<0, 08152 #0, B3=A1=72=73=0, R1 <0, T3F <0. (24)

Since for the configuration Config. E.5 the conditions Ry1<0and vy >0 hold, considering Remark
1 we deduce that so far for systems (9) with A~ = 1/3 all the above conditions with the exeption of
T3 F < 0 are fulfilled. We now calculate

T3 F = — %dQQ (9% +4)% (9ag® + 16a + 9d%g) ,

_d4g (9g2 + 4)4 (9ag2 + 16a + 9d29)
e 186624 ’

and evidently the condition v; > 0 implies 73F < 0. So the conditions (24) are satisfied and the
ellipse from Config. E.5 is a limit cycle.

It is not too difficult to determine that for the remaining configurations (i.e. excluding the con-
figurations of the groups (i) and (i7) defined above) all the corresponding conditions are compatible
and this is confirmed by the examples presented above.

Thus, for all the realizable configurations for systems (9) with h = 1/3 we obtain the conditions
presented in DIAGRAM 5 in the block corresponding to the possibility (2B2).

3.1.1.3 The possibility (B3): Bl #+ O,Bg = 0,[/3\5 # 0. As it was proved in [16], in this case by
an affine transformation and time rescaling systems (8) could be brought to the canonical form

T =dy+ (h+ 1)zy, y=b—dzr— 2+ hy?, (25)

which possesses an invariant conic

b
@(m,y)zﬁ+x2+y2:0, h # 0. (26)

This conic is irreducible if and only if b # 0. For the above systems we calculate
0=(h+1)(h—1)2/2, B =—d*(h—1)%3h+1)2/16,

Bs = —2(h +1)(3h —1), Ry =bh(h+1)*(h— 1)*(3h+ 1)"/8, 0

and therefore we conclude that for the above systems the condition 95\135732 # 0 is equivalent to
the condition
bdh(h —1)(h+1)(3h — 1)(3h + 1) # 0. (28)

On the other hand we have

Ry =bh(h+1)%(h — 1)%(3h + 1)*/8 = sign (bh) = sign (Ry).

3.1.1.3.1 The case Ry < 0. Then bh < 0 and clearly the ellipse (26) is real.

We observe that systems (25) possess the invariant line

L(z,y)=(h+1)z+d=0. (29)
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Then by Lemma 2 the condition B; = 0 is satisfied. Moreover, since 6 # 0, by Lemmas 2 and 4
systems (25) could possess another invariant straight line only if By = 0. We calculate

By = —648b*(h — 1)%2?, (30)

and due to condition (28) we have By # 0. So systems (25) possess exactly one invariant straight
line L(z,y) = 0.

For these systems we calculate pg = —h(h + 1) and due to condition (28) we have ug # 0.
Considering Lemma 1 the systems (25) have finite singularities of total multiplicity 4. We observe
that two of these singularities are located on the ellipse (26) as well as on the invariant line (29).
More precisely these are the singularities M o (ng, yl,g) with

d V Zi / 2 b 2
= =+ Z ———[d + —(h+1)7]. 31
T1,2 h 17 Y1,2 h 17 1 h( ) ( )

Other two singularities of systems (25) are M3 4 (x374, y3,4) (generically located outside both invariant
curves) with

—d+ /7
T34 = % ysa =0, Zy=4b+d>. (32)

On the other hand for systems (25) we calculate
vz = —2h*(h + 1)*(3h + 1)*Z]. (33)
We observe that
sign (v3) = —sign (Z]),

and this means that the invariant polynomial v3 determines if the singularities M 2 are either real
or complex, distinct or coinciding.

1) The subcase vz < 0. Then Z] > 0 and the singularities Mj 2 are real. We need to determine the
conditions when at least one of the singularities M3 4 located outside the invariant curves coincides
with one of their points. In this sense considering (26) and (29) we calculate

2bh + 2b + d*h F dh+\/Z}

(I)(xay)’{x:x3747 y=y34} o 2 = {3,4(b7 d, h)7
d(l — h) + (h+ 1)\/2

£($>y)|{x:$:s,4, y=y3a} 9 2 = é,4(ba d, h)'

It is clear that at least one of the singularities Ms(xs,y3) or My(x4,ys) belongs to the ellipse (26)
or to the line (29) if and only if the conditions

blb(h+1)>+d?h] —bZ,
h2 T2

QL0 = =0 or L4Ly=—[d*h+b(h+1)?]=21=0,  (34)

are satisfied, respectively.

We observe that the conditions Z] # 0 and (28) imply Q5Q,L5L) # 0. Therefore none of the
points Ms 4 could belong to the ellipse or to the line. So we arrive at Config. E.17 (example: b =
—1,d=—1,h=1/4).
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2
2) The subcase v = 0. Then Z] = 0 which implies b = —————— and therefore the singularities

h+1)2
M and Ms coalesce. It is clear that in this case the invari(anjlir)le and the ellipse have a unique
common point at which they are tangent and this point is a double singularity. However according
to (34) in this case we have Q50 = 0 and £4£) = 0, and this imply that the singularity M3 also
belongs to both curves. More exactly we obtain M3 = My = M; which leads to a triple singularity.
On the other hand due to the condition (28) we obtain
d*(h —1)

(I>(xay)|{z:;r47 y=ya} — hi—l—l 7£ 0, £(l"y)‘{x:x4, y=ya} — d(l - h) 7& 0,

i.e. the singularity M, remains outside both invariant curves. So the only possible configuration is
Config. E.18 (example: b =2,d = —1,h = —2).

3) The subcase v3 > 0. Then Z] < 0 and this implies that the singularities M; and M located
at the intersections of the invariant ellipse with the invariant line are complex. On the other hand
we observe that due to conditions (28) and (34) we have Q5Q)L5L) # 0 and therefore none of the
points M3 4 could belong to the ellipse or to the line. It is not difficult to convince ourselves that in
the case under examination we obtain Config. E.19 (example: b= —1/8,d = —1,h = 1/4).

We claim that in this configuration the invariant ellipse is not a limit cycle. Indeed since for systems
(25) we have T3F = 0, by Theorem 3 (see statement (B)) we conclude that our claim is valid.

3.1.1.3.2 The case R, > 0. Thenbh > 0 and in this case the ellipse (26) is complex. According
to (31) the condition bh > 0 implies Z] < 0, i.e. evidently the singularities M 2 located on the ellipse
also are complex. Therefore we arrive at Config. E.20 (example: b=1,d = —1,h = 1/6).

Thus we have all the configurations indicated in DIAGRAM 5 in the block corresponding to the
possibility (B3).

3.1.1.4 The possibility (B4): By #0,B8;, = B5 =0. According to [16] in this case by an affine
transformation and time rescaling systems (8) could be brought to the canonical form (25) with
h = 1/3, i.e. we get a subfamily of (25) which was investigated in the previous subsection. As it
was shown, for h # 1/3 systems (25) possess four configurations, namely Config. E.17, Config. E.18,
Config. E.19 and Config. E.20. Moreover it is necessary to point out that the value h = 1/3 is not a
bifurcation value for the corresponding configurations.

It is not too difficult to determine that all the configurations are realizable in the case h = 1/3, too.
In fact, for Config. E.17 we take b = —11/16 and d = —1, for Config. E.18 we put b = —3/16 and
d = —1, for Config. E.19 we write b = —3/32 and d = —1 and finally for Config. E.20 we consider
b=1and d= —1.

So we obtain the condition presented in DIAGRAM 5 in the block corresponding to the possibility
(Ba).

3.1.1.5 The possibility (B;): Bi=0,Bs #0,B8, #0. As it was proved in [16] in this case by
an affine transformation and time rescaling systems (8) could be brought to the canonical form

. . ah
i=a+ gz’ + (h+ 1y, yZ?—wvagfﬂerhyQ, (35)
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which possesses an invariant conic (of the elliptic type)
a
‘P(x,y)=§+x2+y2=0, g#0. (36)
This conic is irreducible if and only if a # 0. For the above systems we calculate

0 = %(h—i-l) [92+ (h — 1)2]’ B\G = (3h+1) [992+ <3h—|—1)2] /8,

(37)
Bo=—g[g*+Bh+1)?] /2, Rs=160ag (4° + h?) [¢* + (3h +1)?],

and therefore we conclude that for the above systems the condition 93236723 # 0 is equivalent to
the condition
ag(h+1)(3h + 1) # 0. (38)

Taking into account Lemma 2 we examine if systems (35) could possess at least one invariant line.
Calculations yield
2
a3(h+1)2 [g2 + (h—1)2]? (¢* + h?)
— e 7
and due to condition (38) we obtain B; # 0. In this case by Lemma 2 we can conclude that systems

By =

(39)

(35) could not possess invariant lines.

On the other hand we have

~

R3 = 160ag (92 + hz) [g2 + (3h + 1)2] = sign (ag) = sign (R3).

3.1.1.5.1 The case R3 <0. Then ag < 0 and clearly the ellipse (36) is real.
For systems (35) we calculate pp = —h[g? 4+ (h + 1)?] and we examine two subcases: yg # 0 and
Mo = 0.

1) The subcase pog # 0. Then by Lemma 1 the systems have finite singularities of total multiplic-
ity 4. We detect that two of these singularities are located on the ellipse (36), more exactly such
singularities are M o (ng, y172) with

V7, (h+1)V7Z1

Tig=4t—5— s, =+ . 7y =—ag[g® + (h+1)%]. 40
1=t g e e JP 17 1 glg* + (h+1)7] (40)
Other two singularities of systems (35) are M3z 4 (ﬂ:374,y374) (generically located outside the ellipse)
with
N N
T34 = i727 Y34 = :FTQ, Zy = agh. (41)

Since sign (R3) = —sign (Z1), the condition R3 < 0 implies Z; > 0. In this case we have two real
distinct singularities on the ellipse, namely M ».

We need to determine the conditions when at least one of the singularities M3 4 located outside
the ellipse coincide with its points. In this order considering (36) we calculate

azs
(I)((E, y)‘{z:x3,4, y=y3.4} 977 Z3 - 92 —+ h(h + 1)
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It is clear that at least one of the singularities M3(x3,ys3) or My(x4,ys) belongs to the ellipse (36) if
and only if Zs = 0.
On the other hand for systems (35) we have
768a*h [g2 + (h+ 1)2} Z3
D= 7l ,
g
and clearly due to the conditions (38) and po # 0 the condition D = 0 is equivalent to Z3 = 0.

a) The possibility D # 0. Then Z3 # 0 and the singularities M3 4 remain outside the ellipse and
we have Config. E.1 (example: a = 1,9 = —3/2,h = —2).
b) The possibility D = 0. Then Z3 = 0, i.e. g> + h(h + 1) = 0. In order to use this relation, due to

h # 0 we apply the following parametrization: g = g1k and then h = —1/(g? + 1). Considering the
coordinates (40) and (41) we obtain

\ ag1 V@91
T12 = =E P Y12 = Fagr; 34 =F P Y34 = £y /ag1,

and we observe that Ms coincides with Ms and M, coincides with Mj. As a result we arrive at
Config. E.21 (example: a = —1,9 = 1/4,h = —(2+/3)/4).

2) The subcase pp = 0. In this subcase we get h = 0 and this implies p; = 0 and py =
ag (92 + 1) 22 # 0 due to the condition (38). Therefore by Lemma 1 exactly two finite singulari-
ties have gone to infinity. More exactly according to the factorization of ps by the same lemma
we deduce that both points coalesced with the infinite singularity [0 : 1 : 0]. So we obtain a triple
singularity at infinity of the type (1,2) (see Remark 2), and this leads to Config. E.22 (example:
a=1,9g=-1).

3.1.1.5.2 The case R3 > 0. This condition implies ag > 0 and clearly the ellipse (36) is
complex. For systems (35) we have pg = —h[g2 + (h+ 1)2] and we examine two subcases: o # 0
and po = 0.

1) The subcase py # 0. Then by Lemma 1 the systems (35) have finite singularities of total
multiplicity 4 and their coordinates are given in (40). We observe that the condition ag > 0 implies
Z1 <0, i.e. the singularities M o (mLQ, yl,g) are complex and as it was proved earlier they belong to
a complex ellipse.

It is not to difficult to determine that the condition Z3 = 0 in this case implies A < 0 and due
to ag > 0 we obtain that the singularities M3 4 are also complex. Moreover the condition Z3 = 0
forces them to coalesce with the two complex singularities on the ellipse. Therefore on the complex
ellipse we get two double complex singularities. This is however irrelevant in view of the definition
of a configuration (see Definition 4).

Thus we conclude that in both cases Z3 # 0 and Z3 = 0 we arrive at the same configuration,
namely Config. E.15 (examples: a = —1,9 = —3/2,h = =2 and a = —1,9 = —249/512,h =
—(256 + v/3535) /512, respectively).

2) The subcase pip = 0. In this case we have h = 0 and as it was shown in the case Rs < 0 we
get at infinity a triple singularity of the type (1,2) (see Remark 2), and this leads to Config. E.23
(example: a = —1,9g = —1).
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In this way we have all the configurations indicated in DIAGRAM 5 in the block corresponding to
the possibility (Bs).

3.1.1.6 The possibility (Bg): Bi=0,Bs #0,8, =0. As it was proved in [16] in this case by
an affine transformation and time rescaling systems (8) could be brought to the canonical form

i=(h+ Dy, §=b-a+h (42)

which possesses an invariant conic (of the elliptic type)

b
@(w,y):5+x2+y2=0, h # 0. (43)

This conic is irreducible if and only if b # 0. For the above systems we calculate
0=(h+1)(h—1)%/2, Bs=Bh+1)%/8, Ry=0bh(3h+1)* (n>—1)"/8, (44)

and therefore we conclude that for the above systems the condition 9367%2 # 0 is equivalent to the
condition
bh(h+ 1)(h —1)(3h + 1) # 0. (45)

On the other hand we have
sign (bh) = sign (Rz2).

3.1.1.6.1 The case Ry < 0. This condition implies bh < 0 and clearly the ellipse (43) is real.

Taking into account Lemma 2 we examine if systems (42) could possess at least one invariant line.
Calculations yield By = 0 and By = —648b?(h — 1)*z* which is nonzero due to condition (45). It
follows from Lemma 2 and Lemma 4 that the conditions B; = 0, By # 0 and 6 # 0 imply that there
exists exactly one simple invariant straight line of systems (42), namely

L(z,y) =z =0. (46)

Moreover for these systems we have g = —h(h-+1)? which is nonzero due to condition (45). Therefore
in this case the coordinates of the finite singularities for the systems (42) could be obtained from
the coordinates described in (31) and (32) setting d = 0:
b
x = 07 =47 9 Zy = AR
1,2 Y1,2 V41 1 h (47)
r34 =+ 22, Yy34=0, Zo=0b.

We observe that the singularities M 2 belong to the ellipse as well as to the invariant line, and the
singularities M3 4 are generically located outside both invariant curves.

Since sign (7%2) = —sign (Z1), the condition Ry < 0 implies Z; > 0. In this case the singularities
M, 2 are real and distinct.
We need to determine the conditions when at least one of the singularities M3 4, in general located

outside the invariant curves, will lie on these curves. In this order considering (43), (46) and (47) we
calculate

b(h+1
@(x’y)’{$:1'3,4, y:y3,4} = (h) = Q’ £($7y)|{{£:2¢3,4, y:y314} = :t\/l; = '63,4'
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It is clear that at least one of the singularities M3 or My belongs to the ellipse (43) and the invariant
line (46) if and only if 2 = 0 or £L3£4 = 0, respectively. Due to conditions (45) none of these
conditions could hold. As a result we arrive at Config. £.17 (example: b =1,h = —2).

3.1.1.6.2 The case Ry, > 0. This condition implies bh > 0 and clearly the ellipse (43) is
complex. According to (47) the condition bh > 0 implies Z; < 0, i.e. evidently the singularities M o
located on the ellipse are also complex. Thus we arrive at Config. .20 (example: b=1,h = 1/2).

So we have all the configurations indicated in DIAGRAM 5 in the block corresponding to the
possibility (Bs).

3.1.1.7 The possibility (87): Bi=pBs=0,B8#0. As it was proved in [16] in this case by an
affine transformation and time rescaling systems (8) could be brought to the canonical form

2z a 2
i::a—l—gacz—i-Ty, y:—g—xz—%—kgmy, (48)

which possesses an invariant conic (of the elliptic type)
<I>(:v,y)=§+:v2+y2=0, g#0. (49)
This conic is irreducible if and only if a # 0. For the above systems we calculate
0= (99> +16) /27, B2 =—¢%/2, R3=160ag’ (9¢9° + 1) /9,

and therefore we conclude that for the above systems the condition 9327%3 # 0 is equivalent to the
condition ag # 0. Moreover we clearly have sign (ag) = sign (R3).

On the other hand for systems (48) we calculate
403 (9¢2 +1) (992 + 16)*

By =— 0 50
1 656192 # 0, ( )

due to ag # 0. Therefore by Lemma 2 we conclude that systems (48) could not possess invariant
lines.

3.1.1.7.1 The case R3 < 0. Then ag < 0 and clearly the ellipse (49) is real.

For systems (48) we calculate pg = (9g2 + 4) /27 # 0. Then by Lemma 1 the systems have finite
singularities of total multiplicity 4. We detect that two of these singularities are located on the ellipse
(49), more exactly such singularities are M o (:Ul,g, y172) with

SAVIAL AVIAL

o i VT E ey Do) 61

r12 = +

Other two singularities of systems (48) are M3 4 (:133,4,y3,4) (generically located outside the ellipse)

with

v —3ag
3g

T34 =+ Y34 = £/ —3ag. (52)
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Since sign (R3) = —sign (Z1), the condition R3 < 0 implies Z; > 0. In this case we have two real
distinct singularities on the ellipse, namely Mj ».

We need to determine the conditions when at least one of the singularities M3 4, in general located
outside the ellipse, will lie on the ellipse. In this order considering (49) we calculate
9g% — 2

39

(I)(xvy)|{:p:xg74, y=y3.4} aZs, Z3=—

It is clear that at least one of the singularities Ms(z3,y3) or Ma(x4,ys) belongs to the ellipse (49)
if and only if Z3 = 0. We observe that the invariant polynomial D is responsible for this condition
because for systems (48) we have

256a* (99° +4) Z3
59049g* ’

D= ag # 0.

1) The subcase D # 0. Then Z3 # 0 and the singularities M3 4 remain outside the ellipse and we
have Config. E.1 (example: a = —1,g = 1/4).

2) The subcase D = 0. Then Z3 = 0, i.e. 99> — 2 = 0. In this case we have g = ++/2/3. Without
loss of generality we can assume g = v/2/3 since the rescaling (z,y,t) — (—z,y,t) simultaneously
change the signs of the parameters a and g of the systems (48). So g = v/2/3 and for the coordinates
of the singularities M; o and M3 4 of these systems we have

T\/ﬁ = T34,

So we obtain that the singularity M3 (respectively M) coalesces with M; (respectively Ms). As a

Y12 = +V2y—a = Y3,4-

T12 =+

result we have two double singularities located on the ellipse which leads to Config. E.21 (example:

a=—759=12/3).

3.1.1.7.2 The case R3 > 0. This condition implies ag > 0 and clearly the ellipse (49) is
complex. Since for systems (48) we have pg # 0, by Lemma 1 these systems have finite singularities
of total multiplicity 4 and their coordinates are given in (51) and (52). We observe that the condition
ag > 0 implies Z; < 0, i.e. the singularities M o ((L‘LQ, y1,2) are complex and as it was proved earlier
they belong to the complex ellipse.

It is not to difficult to determine that the singularities M3, are also complex. Moreover the
condition D = 0 forces them to coalesce with the two complex singularities on the ellipse as we
discussed in the case R3 < 0. So we get two double complex singularities located on the complex
ellipse.

Thus considering Definition 4 we conclude that in both cases, i.e. D # 0 and D = 0, we arrive
at the same configuration, namely Config. E.15 (examples: a = —1,g = —1 and a = 27,9 = v/2/3,
respectively).

Therefore we have all the configurations indicated in DIAGRAM 5 in the block corresponding to
the possibility (Br).
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3.1.1.8 The possibility (Bg): Bi=PBs=PBr=0. Asitwas proved in [16] in this case by an
affine transformation and time rescaling, systems (8) could be brought to the canonical form

i=2xy/3, y=b—a®—y*/3, (53)
which possesses an invariant conic
®(z,y) = —3b+ 2% +y* = 0. (54)
This conic is irreducible if and only if b # 0. For the above systems we calculate
0 =16/27, Ry=—32b(32%+4?) /9, (55)

and therefore we conclude that for systems (53) the condition 7?,4 # 0 is equivalent to the condition
b # 0. On the other hand we have sign (b) = —sign (R4).

3.1.1.8.1 The case R4 < 0. This condition implies b > 0 and clearly the ellipse (54) is real.

We observe that systems (53) possess the invariant line z = 0. Then by Lemma 2 the condition
By = 0 is satisfied. Moreover by this lemma systems (53) could not possess another invariant line
because By = —2048b%x* # 0 due to the condition b # 0. So systems (53) possess exactly one
invariant line z = 0. For these systems we have po = 4/27 # 0.

On the other hand in this case the coordinates of the finite singularities for the systems (53) could
be obtained from the coordinates described in (47) setting h = —1/3:

212=0, y12=+V3b; 234 =+Vb, y34=0. (56)

We detect that the singularities M o belong to the ellipse as well as to the invariant line = 0. Since
b > 0 all four singularities are real and Ms 4 are located outside the invariant curves. As a result we
arrive at Config. E.17 (example: b = 1).

3.1.1.8.2 The case R, > 0. This condition implies b < 0 and clearly the ellipse (54) is
complex. According to (56) the condition b < 0 implies that the singularities M; o located on the
ellipse also are complex. Thus we arrive at Config. E.20 (example: b = —1).

Then we have all the configurations indicated in DIAGRAM 5 in the block corresponding to the
possibility (Bsg).

3.1.2 The subcase 0 =0

We examine step by step each one of the possibilities presented in Corollary 1 and corresponding to

this case.

3.1.2.1 The possibility (By): N £ 0, Bl % O,Bg # 0. As it was proved in [16] in this case by
an affine transformation and time rescaling systems (8) could be brought to the canonical form

i =a+dy+ ga?,

a

57
y=———dz—a’+gry—y’, g#0, o
g
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which possesses an invariant conic
a
O(z,y) = - +2°+9°=0. (58)
g
This conic is irreducible if and only if a # 0. For the above systems we calculate

N =(g*+4)22 [Bi=—d*(4*+4) (9¢*+4) /16,

o 0 ! (59)
Bo=—g(g*+4)/2, Rs=12ag(g° +4),

and therefore we conclude that for systems (57) the condition N 31327%5 # 0 is equivalent to the
condition adg # 0. On the other hand we observe that sign (ag) = sign (Rs5).

Taking into account Lemma 2 we calculate

ad? (92 + 1) (92 + 4)2
g

By = 7& 0, (60)

due to condition adg # 0, and we conclude that systems (57) could not possess invariant lines.

3.1.2.1.1 The case R5 <0. Then ag < 0 and clearly the ellipse (58) is real.

For systems (57) we calculate pp = g # 0 and therefore by Lemma 1 the systems have finite
singularities of total multiplicity 4.

We detect that two of these singularities are located on the ellipse (58), more exactly the singu-
larities M172 (1’172, ng), with

N d
T1,2 = iTI, Y12 = E’ Z1 = —(ag + d2)- (61)

Other two singularities of systems (57) are M3 4(x3.4,y34) (generically located outside the ellipse),

with
dg + vV Z2

1
o ysa = —3 (dg + JZ) , Zy=g(d®g—4a). (62)

T34 = —
On the other hand for systems (57) we calculate
v = —d'¢? (¢° +4)% (9¢° + 4)* Z1/256. (63)
We observe that

sign (v1) = —sign (Z1),

and this means that the singularities Mo are real (respectively, complex; coinciding) if v1 < 0
(respectively, v; > 0 and v = 0).

1) The subcase v < 0. Then the singularities M; 2 located on the invariant ellipse are real. We
need to determine the conditions when at least one of the singularities M3 4 located outside the
ellipse lies on the ellipse. For this, considering (58) and (62), we calculate

d? (¢ +g) —2ag® £d (¢* + 1) \/g (d?>g — 4a)
29

q)(l', y)|{z:m3,4, y=y34a} — = Q3,4(047 d, g)-
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It is clear that at least one of the singularities M3(x3,ys3) or My(x4,ys) belongs to the ellipse (58) if

and only if

Q3Q4=a§3207 Z3:ag?’+d2(92+1).

On the other hand for systems (57) we have
vy = —105dg (99* + 4) Z3,
and clearly since adg # 0 the condition 9 = 0 is equivalent to Zs = 0.

Next we examine two possibilities: vo # 0 and v, = 0.

a) The possibility vo # 0. In this case we have Config. E.1 since other singularities could belong
to ellipse if and only if v = 0 (example: a =5/4,d = 1,9 = —1).

b) The possibility vo = 0. In this case we have Z3 = 0 and since g # 0 this condition gives

d2 ( g+ 1)

a =
g3

. Therefore we obtain the following coordinates of the singularities M;,: = 1,2, 3, 4:

o= (). = (-55)
o) (_d(92;1)’_d(92+1)>7 (oaga) = (d d)_

g g 9% g

As we can observe, the singularity My coalesced with M;. Therefore on the ellipse we have a double

singularity M; and a simple singularity Ms. On the other hand we have

d* (g* + 39> + 2)
2

due to d # 0. Hence the singularity Ms remains outside the ellipse and we arrive at Config. F.2
(example: a = —1,d = v/2/2,9 = 1).

(I)(.%', y)‘{x:zg,y:yg} = 7é 0,

2) The subcase v; = 0. In this case we have Z; = 0, i.e. @ = —d*g and this implies Z3 = d* # 0.
Therefore the two singularities which belong to the ellipse coalesce, whereas other two singularities
remain outside the ellipse. In this way we get Config. E.4 (example: a =1,d=1,9 = —1).

3) The subcase v; > 0. Then we have Z; < 0, i.e. the two singularities which belong to the
ellipse are complex. We note that the condition Z; < 0 implies Z3 # 0, because if Z3 = 0 we found
Z1 = d?/g? > 0. This leads to Config. E.5 (example: a = 1/2,d =1,g9 = —1).

We claim that in this configuration the invariant ellipse is a limit cycle. Indeed, taking into con-
sideration Theorem 3 (see statement (Bg)) we conclude that in the case under examination, for the
existence of limit cycles the following conditions must be satisfied:

n<0,0=3 =9 =7=0 B0 #0, Rs<0, TzF<0.

Clearly all the conditions are satisfied except the last one. So it remains to verify that 73F < 0 is
fulfilled, too. For systems (57) we calculate

1 1
y = 2—56d492 (¢ +4)* (9¢° + 4)° (ag + %), ToF =— §d292 (9% +4)* (ag + d?) ,

and evidently the condition v; > 0 implies 73F < 0. This completes the proof of our claim.
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3.1.2.1.2 The case 7%5 > 0. This condition implies ag > 0 and clearly the ellipse (58) is
complex.

As we discuss on the case 7/@5 < 0 for these systems we have g # 0. Then by Lemma 1, systems
(57) have finite singularities of total multiplicity 4 and the coordinates are given in (61) and (62). We
observe that the condition ag > 0 implies Z; < 0, i.e. the singularities M o (:cl,g, y172) are complex
and as it was proved earlier they belong to the complex ellipse.

On the other hand the condition ag > 0 yields Z3 = ag® + d? (92 + 1) # 0. This fact implies that
the singularities M3 4 (x3,4,y3,4) remain outside the complex ellipse. Therefore the unique possible
configuration is Config. E.15, detected before (example: a = —1,d = 1,9 = —1).

Thus, we have all the configurations indicated in DIAGRAM 6 in the block corresponding to the
possibility (By).

3.1.2.2 The possibility (B10): N # 0,51 # 0, By =0. As it was proved in [16] in this case by
an affine transformation and time rescaling systems (8) could be brought to the 2-parameter family
of systems

i =dy, y=0b—dz—az*—1? d+#0, (64)

which is a subfamily of (25) defined by the condition h = —1. Clearly these systems possess the
same invariant ellipse (26) which in this particular case takes the form

O(z,y) = —b+2"+y° = 0. (65)

This conic is irreducible if and only if b # 0.

We claim that the infinite invariant line Z = 0 for systems (64) is of multiplicity 2. Indeed
considering Lemma 3 for these systems we calculate:

gcd(&, 52) = dZ,

and by Lemma 3, statement (3), the line Z = 0 is a double one. This completes the proof of our
claim.

For the above systems we calculate
N = 16bd%z%, B = —d?, Rg= —4b, (66)

and therefore we conclude that for these systems the condition N 517%6 =# 0 is equivalent to the
condition bd # 0. On the other hand we have sign (b) = —sign (Rg).

3.1.2.2.1 The case Rg < 0. Then b> 0 and clearly the ellipse (65) is real.

Considering Lemma 2 we examine if systems (64) could possess at least one invariant affine line.
Calculations yield B; = 0, however we claim that this condition is implied by the existence of the
double line at the infinity. Indeed, the coefficients of systems (64) could be perturbed with a small
parameter 0 < ¢ < 1 as follows:

T = (d+ex)y, y=b—dzx—z*—y>

45



Evidently, these systems possess the invariant line d+cx = 0 and hence by Lemma 2 we have By = 0
(this could also be checked directly).

On the other hand, by Lemma 2, systems (64) could not possess any finite invariant lines because
By = —10368b%z* # 0, due to condition bd # 0.

For these systems we calculate pg = p1 = 0 and po = d?(2? + y?) # 0. According to Lemma 1,
two finite singularities coalesced with infinite singularities, namely with the complex singularities
[£i:1:0].

Therefore on the line Z = 0 we get two double complex infinite singularities. This is however
irrelevant in view of the definition of a configuration (see Definition 4). So the unique real singularity
at infinity is of multiplicity one.

On the other hand, by Lemma 1, the systems (64) have finite singularities of total multiplicity 2.
We detect that these singularities are located outside the ellipse (65) and their coordinates are
Mio(x1,2,91,2), with

d+4b+ d?

T2 =— 5 , y12=0. (67)
For these singularities we calculate
d(d + V4b + d?
(2, Y)|{o=z15, y=y12} = : 5 )= Qa(b,d), Q= —bd® #0.

We conclude that neither M; nor Mz could belong to the ellipse. As a result we arrive at Config. F.24
(example: b=1,d = —1).

3.1.2.2.2 The case ﬁg > 0. Then b < 0 and clearly the ellipse (65) is complex. Since none of
the singularities Mj 2 could be on the ellipse, we obtain Config. E£.25 (example: b = —1,d = —1).

So we have all the configurations indicated in DIAGRAM 6 in the block corresponding to the
possibility (B10).

3.1.2.3 The possibility (B1;): N # 0,3, = 0. As it was proved in [16] in this case by an
affine transformation and time rescaling, systems (8) could be brought to the canonical form (9)

with h = —1 and d = 0. So we consider the following systems
. . a
& =a+ ga, yz—g—x2+gwy—y2, g #0, (68)

which possess the invariant ellipse (10), i.e.
Dla,y) = =+ +y7 =0, (69)
g

which is irreducible if and only if a # 0.

We observe that systems (68) possess the invariant lines £12(z,y) = a + gz = 0, i.e.

‘Cl(x)y):x_%ag:oa L?(xﬁy):x—’_%agzo (70)
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Then by Lemma 2 the condition B; = 0 is satisfied. Moreover by this lemma the systems (68)
could possess an invariant line in another direction only if By = 0. However, for these systems we

have )
648a2 (¢® + 1) (¢> +4)" z*

So we conclude that systems (68) possess exactly two invariant lines (70), which are distinct due to

By =

ag # 0 and they could be real or complex, depending on sign (ag).

For the above systems we calculate

N = (¢* +4)2®, Rs=160ag (¢* +1) (¢* +4), (72)

~

and therefore we conclude that sign (ag) = sign (R3).

3.1.2.3.1 The case R3 < 0. Then ag < 0 which implies that the ellipse (69) as well as the
invariant lines (70) are real.

For systems (68) we calculate pg = g? # 0 due to the condition g # 0. Then by Lemma 1 the
systems have finite singularities of total multiplicity 4.

We detect that two of these singularities are located on the ellipse (69), more exactly such singu-
larities are M o (mLQ, ylyg), with

—a
T19 =% p g’ y1,2 = 0. (73)

Other two singularities of systems (68) are M3 4(x3.4,y3.4) (generically located outside the ellipse),
with

vV —a
T34 = E p g, Y34 = £/ —ag. (74)

We also detect that the singularities M3 (respectively, Mz 4) belong to the line £q(z,y) = 0
(respectively Lo(x,y) = 0).

For the singularities M3 4 we calculate

(I)(:Z"vy)|{$:1‘3,4, y:y3,4} = —ag 7& 07

and we conclude that neither Ms3(z3,y3) nor Ma(x4,ys) belong to the ellipse (69). According to (74)
we observe that y3 > 0 and y4 < 0, which leads to Config. E.26 (example: a = 1,9 = —1).

3.1.2.3.2 The case R3 > 0. Then ag > 0 and this implies that the ellipse (69) as well as
the invariant lines (70) and the four singularities of systems (68) are complex. Therefore we obtain
Config. E.27 (example: a = —1,g = —1).

Therefore we have all the configurations indicated in DIAGRAM 6 in the block corresponding to
the possibility (B11).
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3.1.2.4 The possibility (B12): N = 0. As it was proved in [16] in this case by an affine
transformation and time rescaling systems (8) could be brought to the systems

i =2zy, Uy=>b—a’+1y> (75)
which possess the family of invariant ellipses
O(z,y)=b+qr+2°+y* =0, qcR, (76)

depending on the parameter ¢ and having the corresponding determinant A = (4b — ¢*)/4. So for
any fixed value of the parameter ¢, the ellipses from the family (76) are irreducible if and only if
A £ 0.

Since for systems (75) we have By = By = B3 = 0, by Lemma 2 these systems could possess
invariant lines in three different directions. We verify that these systems indeed possess the following
five invariant lines:

Li(z,y)=2=0, Lo(z,y)=(x— ’L'y)2 —b=0, Lzs(z,y)=(x+ z'y)2 —b=0. (77)

Since ug = —4 # 0 the above systems possess finite singularities of total multiplicity four and their
coordinates are

r12=0, y12==EV-b, 234 =+Vb, y34=0.

We observe that if b # 0 systems (75) have two real and two complex singularities. Moreover we
have that the real singularities are located on the real invariant line £;(z,y) = 0 if b < 0 (namely
M, 2) and outside this invariant line if b > 0 (in this case the real singularities are M3 and My). In
the case b = 0 all four singularities coincide and we have one real singularity of multiplicity four.

On the other hand for systems (75) we calculate R7 = 32b, which implies sign (b) = sign (ﬁ7)
is clear that if R7 < 0 the invariant ellipses from the family (76) are real and if Rz >0 they could
be real or complex, depending on the parameter ¢ in (76). So, if R < 0 we arrive at Config. E.28
(example: b = —75,¢ € R) and if Ry = 0 the complex invariant lines (77) become double and we
obtain Config. E.29 (example: b = 0,q # 0). In the case 7€7 > (0 we observe that for any fixed value
of parameter b, any ellipse from the family (76) is invariant for systems (75). In other words, for any
b > 0 we have that such systems possess simultaneously an infinite number of real ellipses as well as
an infinite number of complex ellipses. Therefore, taking into consideration Remark 3 we arrive at
Config. E.30 (example: b = 1/8, |q| > v/2/2).

Thus, we have all the configurations indicated in DIAGRAM 6 in the block corresponding to the
possibility (9812).

3.2 The case (5, =0

According to Lemma 5 a quadratic system with the condition Cy = 0 could be brought via an affine
transformation and time rescaling to the following canonical form:

ab:a+cx+dy+x2, y=b+ex+ fy+xy, (78)

with Cy = 0, i.e. the line at infinity of this system is filled up with singularities. Following [16] (see
DIAGRAM 1) and Corollary 1 we discuss two possibilities.
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3.2.1 The possibility (¢;): Hjo # 0.
As it was proved in [16] in this case we have the systems
t=a+y+az: =y, (79)
which possess the family of invariant ellipses
d(z,y) =a+2y+22+m*? =0, m#0. (80)

We observe that for any fixed value of the parameter a, the ellipses from the family (80) are
irreducible if and only if A = am? — 1 # 0.

Since for systems (79) we have By = By = B3 = 0, by Lemma 2 these systems could possess
invariant lines in three different directions. We verify that these systems indeed possess the following
three invariant lines:

El('rvy):y:()a £273($‘,y):y:|: \/—CL.Z'—|—CL:0. (81)

It is clear that the invariant lines £o(z,y) and L3(x,y) are real, coinciding or complex if a < 0, a = 0
or a > 0, respectively.

Since pp = 0 and puy = = # 0, Lemma 1 tells us that there exist exactly three finite singularities.
Their coordinates are given by

T12 = *tV—a, yi2=0, x3=0, y3=—a.

For each fixed value of the parameter a we observe that if a < 0 (respectively, a > 0) the singularities
M, o are real (respectively, complex) and they verify the equalities

O(z1,y1) = L1(21,y1) = La(z1,91) =0,  P(22,92) = L1(22,92) = L3(22,%2) =0,

respectively. Moreover we detect that the singularity M3 belongs to the invariant lines Lo(z,y) and
L3(x,y) and this singularity belongs to the irreducible invariant ellipse ®(z,y) = 0 if and only if
a = 0. In such a case (i.e. when a = 0) all three singularities coincide (as well the three invariant lines
Ly, Lo and L3) and we have one real singularity of multiplicity three located on a triple invariant
line.

On the other hand for systems (79) we calculate Hg = 2304a®, which implies sign (a) = sign (Hy).
It is clear that if Hg < 0 then the irreducible conics from the family (80) are real and if Hg > 0
they could be real or complex, depending on the parameter m in (80). So, if Hyg < 0 we arrive
at Config. E.31 (example: a = —75,m € R\{0}) and if Hy = 0 we obtain Config. £.32 (example:
a=0,m € R\{0}). In the case Hg > 0, as we discussed earlier, for any fixed value of the parameter
a, systems (79) possess simultaneously an infinite number of real ellipses as well as an infinite number
of complex ellipses. Then, based on Remark 3 we obtain Config. E.33 (example: a = 1/2, |m| < v/2).

Thus, we have all the configurations indicated in DIAGRAM 7 in the block corresponding to the
possibility (&;).
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3.2.2 The possibility (¢€3): Hijo =0.
As it was proved in [16] in this case we have the systems
i=a+2° U= zy, a#0, (82)
which possess the family of invariant ellipses
d(z,y) =a+2° +m*y? =0, meR\{0}. (83)

Since for this family of ellipses we have A = am? # 0 due to am # 0, we deduce that the family
(83) cannot contain any reducible conic.

For systems (82) we calculate B = By = Bs = 0 and hence, by Lemma 2, these systems could
possess invariant lines in three different directions. We verify that these systems possess the following
three invariant lines:

El(x7y):y:07 £2,3<x7y):x:': \ =0. (84)
It is clear that the invariant lines L£o(z,y) and L3(x,y) are real if a < 0 and complex if a > 0.

Since pg = gy = 0 and pus = az? # 0, Lemma 1 tells us that there exist exactly two finite
singularities. Their coordinates are

T1,2 = :i:\/ —a, Y1,2 = 0.

We observe that if a < 0 (respectively a > 0) the singularities M; o are real (respectively complex)
and they are located on each one of the invariant ellipse of the family ®(z,y) = 0 from (83). Moreover
we observe that

Li(z1,y1) = Lo(z1,151) =0,  Li(w2,y2) = L3(r2,92) = 0.

On the other hand for systems (82) we calculate Hy; = —192az?, which implies sign (a) =
—sign (H11). So, we arrive at Config. E.34 if Hyj; < 0 (example: a = 27, m € R) and Config. E.35 if
Hi; > 0 (example: a = =75, m € R).

Thus, we have all the configurations indicated in DIAGRAM 7 in the block corresponding to the
possibility (&3).

Since all the affine invariant subsets in R'? defined in Corollary 1 are examined, we conclude that
Theorem 5 is proved.

4 Concluding comments

Now we present some coonclusions about the 35 configurations obtained and their realization. Di-
AGRAMS 5, 6 and 7 give an algorithm to compute for any system possessing an invariant ellipse,
presented in any normal form, its configuration. Moreover DIAGRAMS 5, 6 and 7 are the bifurcation
diagrams of the configurations of such systems, done in the 12-parameter space of the coefficients of
these systems.

50



4.1 Concluding comments for n <0

According to Theorem 5, each non-degenerate quadratic system in the class QSE(,.q) possesses
either exactly one invariant ellipse or a family of invariant ellipses. This class yields 30 distinct
configurations which can be split into the following cases according to their geometry:

aq) Fourteen configurations with exactly one ellipse and no invariant lines other that a line at
infinity, which is simple. Among these we only have three cases where the ellipse is complex. The
configurations are split into subsets by the total multiplicity of the real singularities located on them,
whose maximum is 5 in the case of real ellipses and 3 in the case of complex ellipses.

We point out that in this class we have the only two configurations with limit cycles occurring
in the family QSE. In both configurations we only have one real singular point located on the
configuration, on the line of infinity. The two configurations whit the ellipse as a limit cycle are
distinguished by the multiplicity of this singularity which could be one or two.

az) Eleven configurations with exactly one ellipse and invariant lines of total multiplicity 2, in-
cluding the line at infinity. Among these we only have two configurations with complex ellipses,
distinguished by the number of invariant lines, which could be 2 or 1. The remaining configurations
are distinguished by the number of invariant lines (1 or 2) and by the geometry of the positions of
the invariant lines with respect to the ellipses as well as the multiplicities of the real singularities
located on the configurations.

ag) Two configurations of systems possessing exactly one invariant ellipse (real or complex) and
three simple invariant lines, including the line at infinity, the two affine lines being real or complex.

ay) Three configurations, each one of them possessing an infinite family of invariant ellipses. Two
of them possess only real ellipses (Config. E.28 and Config. E.29) and one of them (Config. E.30)
possesses simultaneously an infinity of real ellipses and an infinity of complex ellipses (according
to Remark 3 we only placed the real ellipses on the drawing of this configuration). All three con-
figurations possess invariant lines of total multiplicity 6, including the line at infinity and they are
distinguished by the number of singular points located on the real invariant lines of the configura-
tions.

4.2 Concluding comments for C; =0

According to Theorem 5, each non-degenerate quadratic system in the class QSE c,—g) possesses an
infinite family of invariant ellipses and in addition its line at infinity is filled up with singularities.
This class yields five distinct configurations which can be split into the following cases according to
their geometry:

(31) Three configurations possessing an infinity of real ellipses (Config. E.31, Config. E.33 and
Config. E.35), have affine invariant lines (real) of total multiplicity 3. These configurations are dis-
tinguished by the number of singular points located on the these invariant lines.

B2) One configuration (Config. E.34) has an infinity of only complex ellipses and three invariant
lines two of them complex parallel lines.

B3) One configuration (Config. E.33) possesses simultaneously an infinity of real ellipses and an
infinity of complex ellipses (according to Remark 3 we only placed the real ellipses on the drawing
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of this configuration). This configuration also possesses three invariant lines, two of them complex

intersecting at a real singular point.
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